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Abstract. Dependability analysis is an essential step in the design pro-
cess of safety-critical systems, where the causes of failure and some other
metrics, such as reliability, should be identified at an early design stage.
The dynamic failure characteristics of real-world systems are usually cap-
tured by various dynamic dependability models, such as continuous time
Markov chains (CTMCs), dynamic fault trees (DFTs) and dynamic reli-
ability block diagrams (DRBDs). In order to conduct the formal depend-
ability analysis of systems that exhibit dynamic failure behaviors, these
models need to be captured formally. In this paper, we describe recent
developments towards this direction along with a roadmap on how to
be able to develop a framework for formal reasoning support for DFTs,
DRBDs and CTMCs in a higher-order-logic theorem prover.
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1 Introduction

Dependability is a general concept that encompasses many attributes, such as
reliability, availability, security and safety [1]. Reliability is the ability of a sys-
tem to provide a correct service within a given period of time [1] and it is
quantified by evaluating the probability of delivering such service. On the other
hand, availability is the probability of a system or component to provide its
correct service at a given moment of time [1]. Many real-world systems exhibit
sequential failures and dependencies among system components that cannot be
captured using traditional dependability models, such as static fault trees (SFTs)
and static reliability block diagrams (SRBDs). Therefore, dynamic dependabil-
ity models are used to capture the dynamic failure behavior of these systems.
These models include Continuous time Markov chains (CTMCs) [2], dynamic
fault trees (DFTs) [3] and dynamic reliability block diagrams (DRBDs) [4].

Dynamic dependability analysis identifies the sequences of failure of system
components and their effect on the overall system behavior. This helps devising
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solutions to enhance the overall system dependability. Therefore, this analysis
process should be handled carefully in a sound environment to produce accurate
results. Traditionally, dependability models are analyzed using paper-and-pencil
based proof methods or using simulation. The former provides a flexible way to
model and analyze systems, but it is prone to human errors. On the other hand,
simulation provides an easy automated method to conduct the analysis, which
justifies its common use in analyzing a wide range of applications. However, due
to the high computational cost of simulation, only part of the space could be
analyzed, and thus the results cannot be termed as accurate or complete.

Formal methods, such as model checking [5] and theorem proving [6], have
been used for the analysis of dependability models, to overcome the inaccuracy
limitations of the above-mentioned techniques. For example, the STORM model
checker [7] has been successfully used in the safety analysis of a vehicle guidance
system [8] using DFTs. Although probabilistic model checkers (PMCs) provide
an automatic way to conduct the analysis of dependability models, the state
space explosion problem often limits its scope especially when analyzing complex
systems. Moreover, the reduction algorithms embedded in these tools are usually
not formally verified, which questions the accuracy of the reduced models [9].
This becomes an issue when analyzing safety-critical systems, where the smallest
error cannot be tolerated. More importantly, PMCs inherently assume the fail-
ures to be exponentially distributed for system components [10], and thus cannot
capture, for example, their aging factor. Although higher-order logic (HOL) the-
orem proving has been used in the analysis of traditional (static) dependability
models, such as SFTs [11] and SRBDs [12], these models cannot capture the
dynamic aspects of real-world systems and thus cannot fulfill the objective of
the projected work. However, using a theorem prover in the analysis allows hav-
ing verified, within a sound environment, generic expressions of dependability
that are independent of the distribution of system components. Thus, the results
are not limited to exponential distributions as with PMCs.

In this paper, we describe an ongoing project for building a complete frame-
work to formally analyze dynamic dependability models using HOL theorem
proving. The project had started at the Hardware Verification Group of Concor-
dia University in 2017 with a clear roadmap. In this regard, we formalized DFTs
in the HOL4 theorem prover [13], which allows formally verifying generic expres-
sions of the probability of failure of DFTs [14] and thus can be used to conduct
formal dynamic dependability analysis. Furthermore, we proposed a novel alge-
bra to analyze DRBDs with certain structures and verified their mathematical
foundations using the HOL4 theorem prover [15]. On the other hand, a formal-
ization for general CTMCs [16] is available in Isabelle/HOL [17]. However, this
formalization has not been used in the context of dynamic dependability anal-
ysis. Therefore, we plan to develop a CTMC formalization to be used in this
context. The present paper mainly summarizes our developed formalization and
shares our plans for the development of a complete framework for the formal
dependability analysis of real-world systems using a theorem prover.
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The rest of the paper is structured as follows: Sect. 2 presents our proposed
framework for the formal dynamic dependability analysis. Section 3 provides a
brief description of our formalization of DFTs. In Sect. 4, we present DRBDs
and our developed DRBD algebra. Section 5 presents the required mathematical
foundations of the CTMC dependability analysis. We report the current status
of the project and the remaining milestones in Sect. 6. Finally, Sect. 7 concludes
the paper.

2 Proposed Framework

Figure 1 shows an overview of our proposed framework for formal dynamic
dependability analysis. This framework provides verified generic expressions of
dependability in the HOL4 theorem prover using DFTs, DRBDs and CTMCs.
The analysis starts by having a system description with some dependability
requirements, such as a certain expression of reliability. The dependability of
this system can be modeled using a DFT, DRBD or CTMC model according to
its description. For the case of the DFTs and DRBDs, we need, respectively, a
library of formalized DFT gates and DRBD constructs besides their simplifica-
tion theorems and verified probabilistic behavior. For the CTMC formal analysis,
it is required to have both formal transient and steady state analyses. The formal
DFT and DRBD models can be analyzed qualitatively or quantitatively. In the
former, the sources of vulnerabilities of the system are verified by identifying the
cut sets and cut sequences. In the latter, we prove generic failure and reliability
expressions of DFT and DRBD based systems, respectively. It is worth men-
tioning that unlike PMC approaches, the formally verified generic expressions of
DFT and DRBD are independent of the probability distributions of the system

Fig. 1. Overview of the formal dependability analysis framework
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(a) AND (b) OR (c) PAND (d) FDEP (e) SPARE

Fig. 2. DFT gates

components. For CTMC based models, the proposed framework formally ana-
lyzes availability and reliability metrics by proving generic expressions of these
dependability metrics that are independent of the failure rates of system com-
ponents. We choose HOL4 in the development of the formalization of dynamic
dependability models as this would facilitate using some of the available theories,
such as the probabilistic PIE [18], Lebesgue integral [19] and probability [20].

Our ultimate goal in this project is to develop a tool that accepts the depend-
ability model in either a graphical or simple textual format. Then, using a parser,
the tool creates the HOL formal models of these formats that can be used in
the formal analysis using a HOL theorem prover. The aim of this tool is to
reduce the user interaction with the theorem proving environment, which would
facilitate the usage of this framework by users who are not familiar with HOL
theorem proving or the underlying mathematical foundations of the dependabil-
ity models. This requires invoking several techniques, such as machine learning,
to automatically (to a certain extent) verify the required expressions. Therefore,
this proposed framework will allow conducting the dynamic dependability anal-
ysis of many real-world systems to provide generic expressions. We highlight the
details of the proposed framework in the following sections including the current
status of the formalization and provide some insights about the remaining steps.

3 Dynamic Fault Trees

Dynamic fault trees (DFTs) [3] model the failure dependencies among system
components that cannot be captured using traditional SFTs. A DFT is a graphi-
cal representation of the sources of failure of a given system. The modeling starts
by an undesired top event that represents the failure of a system or a subsystem.
DFT inputs represent basic events that contribute to the occurrence (failure) of
the top event. The relationships and dependencies among these basic events
are modeled using DFT gates (Fig. 2). For example, the output event of the
Priority-AND (PAND) gate occurs when both input events occur in sequence.

Fault tree analysis (FTA) can be generally carried out qualitatively and quan-
titatively [3]. In the qualitative analysis, the combinations and sequences of basic
events that contribute to the occurrence of the top event (failure of the system)
are identified. These combinations and sequences represent the cut sets and cut
sequences [21], respectively. In the quantitative analysis, attributes, such as the
mean-time-to-failure (MTTF) and the probability of failure, can be evaluated
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based on the failure distribution of the basic events and their relationships.
Dynamic FTA has been commonly conducted using some sort of a DFT algebra
(e.g., [22]) or by analyzing the corresponding CTMC of the given DFT [3]. In
the former method, an algebra similar to the ordinary Boolean algebra is defined
with some temporal operators and simplification properties that allow reducing
the structure function of the top event. Based on this function, both the qualita-
tive and quantitative analyses can be carried out, where the probability of failure
of the DFT’s top event can be expressed based on the failure distribution of the
basic events. On the other hand, the given DFT can be converted into its equiv-
alent CTMC, which can then be analyzed to find the probability of failure of the
top event [3]. Complex systems can generate CTMCs with a large state space
that can be handled by applying a modulerization approach, where the DFT is
divided into static and dynamic parts. The static part can be analyzed using
one of the conventional methods, such as binary decision diagrams (BDDs) [21].
The dynamic part can then be analyzed by converting it to its corresponding
CTMC. This kind of modulerization is implemented in the Galileo tool [23].

The arithmetic foundations of the algebraic approach of [22] were not for-
mally verified, which puts a question mark on the soundness of the reported
results. In [24], we proposed to formalize this DFT algebra in higher-order logic
theorem proving and developed an integrated methodology to conduct DFT’s
qualitative analysis using the HOL4 theorem prover and quantitative analysis
using the STORM model checker. However, generic expressions of probability of
failure cannot be obtained based on this methodology as a PMC is involved in
the quantitative analysis. Moreover, our definitions in [24] could not cater for
the DFT probabilistic analysis. Therefore, in [14,25], we improved our definitions
of DFT gates to conduct both the DFT qualitative and quantitative analyses
in the form of generic expressions in a theorem prover. Next, we provide the
description of the DFT algebra and its formalization in order to have a better
understanding of the first part of our proposed framework of Fig. 1.

3.1 DFT Operators and Simplification Properties

The DFT algebraic approach of [22] deals with the inputs of a DFT based on their
time of failure. Therefore, all elements, operators and gates are defined based on
this time of failure. It is assumed that the failure of a certain component causes
the occurrence of its corresponding basic event. Moreover, it is also assumed
that the components are non-repairable [22]. The algebraic approach defines
two identity elements, which facilitate the simplification process of the structure
function of a given DFT. These are the ALWAYS and NEVER elements. The
ALWAYS element represents an event that always occurs, i.e., from time 0, while
the NEVER element is an event that can never occur, i.e., the time of failure is
+∞. In order to capture the dynamic failure in DFTs, three temporal operators
are introduced; Before (�), Simultaneous (Δ), and Inclusive Before (�) [22].
The output of the before operator fails when the first input event occurs before
the second. The output of the simultaneous operator fails when both input events
happen at the same time. Finally, the output of the inclusive before operator
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fails when the first input occurs before or at the same time of the second input.
We formally defined these elements and operators in HOL4 as extended-real
functions of time [14]. The purpose of choosing extended-real numbers, which
are real numbers besides ±∞, is to be able to model the NEVER event that
returns +∞ as its time of failure. Several simplification properties are introduced
in the algebraic approach [22] to simplify the structure function of DFTs (the
function of the top event). This reduced structure function can then be used in
the probabilistic analysis. We verified over 80 simplification theorems [24] that
vary from simple theorems to more complex ones. This enables having formally
verified reduced cut sets and cut sequences, i.e., formal qualitative DFT analysis.

3.2 DFT Gates

DFTs use the ordinary FT gates, i.e., AND and OR gates, besides the dynamic
gates (Fig. 2). AND (·) and OR (+) are used in the algebraic approach as oper-
ators as well as FT gates. The output of the AND gate fails when both inputs
fail. This means that the time of occurrence of the output event of the AND gate
is the maximum time of occurrence of both input events. The output of the OR
gate fails when at least one of the input events occurs. Therefore, the time of
occurrence equals the minimum time of occurrence of its inputs. The Priority-
AND (PAND) gate is similar to the AND gate, where the output fails when
both inputs fail. However, the input events should occur in a certain sequence,
conventionally, from left to right. The Functional DEPendency (FDEP) gate is
used to model a situation when the failure of one system component triggers the
failure of another. For the FDEP gate of Fig. 2, the occurrence of T triggers the
occurrence of X. Finally, the spare gate models spare parts in systems, where
the main part is replaced by the spare part after failure. In [14], we formally
defined these gates as functions of time to enable the verification of their failure
probabilistic expressions, as will be explained in the following section.

3.3 DFT Failure Analysis

In order to conduct the formal probabilistic failure analysis of DFTs, it is
required first to formally verify the probability of failure of DFT gates. It is
assumed that the basic events of DFT are independent. However, in case of the
spare gate, the input events are not independent as the failure of the main part
affects the failure behavior of the spare. In order to perform the failure analysis,
we first formally define a DFT event that represents the set of time until which
we are interested in finding the probability of failure [14].

In case of independent events, four expressions are used to determine the
probability of failure of DFT gates [22].
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Pr{X · Y }(t) = FX(t) × FY (t) (1a)
Pr{X + Y }(t) = FX(t) + FY (t) − FX(t) × FY (t) (1b)

Pr{Y · (X � Y )}(t) =
∫ t

0

fY (y) FX(y) dy (1c)

Pr{X � Y }(t) =
∫ t

0

fX(x)(1 − FY (x)) dx (1d)

where FX and FY are the cumulative density functions of random variables X
and Y , respectively, and fX and fY are their probability density functions.

Equation (1a) represents the probability of the AND gate. In order to verify
this equation, we first verified that the event of the output of the AND gate equals
the intersection of the individual input events. Then, based on the independence
of these events, the probability of their intersection equals the multiplication
of their probabilities, i.e., their cumulative density functions [14]. Equation (1b)
represents the probability of the OR gate. We verified this equation using the
fact that the event of the OR gate equals the union of the individual input events.
Equations (1c) and (1d) represent the probability of two inputs events occurring
one after the other or one before the other, respectively. For the first case, it is
required that both events occur in sequence. Whereas the second case requires
that the first input event occurs before the second. So, it is not necessary that
the second input event occurs. Using these expressions, the probability of the
AND gate is expressed using Eq. (1a). The probabilities of failure of the OR
and FDEP gates are expressed using Eq. (1b). Moreover, Eq. (1c) represents the
probability of failure of the PAND gate for basic input events. Finally, Eq. (1d)
represents the probability of failure of the before operator.

Similarly, the probability of failure of the spare gate can be expressed, but it
requires dealing with conditional density functions as the time of failure of the
main part affects the activation time of the spare part. This means that the input
events are no longer independent. We verified these expressions in HOL4 by first
defining a conditional density function and then proving the probability of failure
of the spare gates [14]. In our verification process, we used the measure, Lebesgue
integral, Lebesgue-Borel measure and the probability theories in order to verify
a generic expression of failure of a given DFT. Based on this formalization, we
conducted the formal dependability analysis of several safety-critical systems,
such as a cardiac assist system [26] and a drive-by-wire system [27].

4 Dynamic Reliability Block Diagrams

A dynamic reliability block diagram (DRBD) models the paths of success in a
given system. System components are represented as blocks that are connected
in the traditional series, parallel, series-parallel and parallel-series structures.
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(a) Spare (b) State Dependency (c) Load Sharing

Fig. 3. Dynamic DRBD constructs

Additional constructs are used to model the dynamic dependencies among sys-
tem blocks. The main dynamic constructs are: spare, state-dependencies and
load sharing. The last two constructs enable modeling more realistic scenar-
ios in system reliability that include the effect of activation/deactivation of one
component on the rest of the components. This behavior cannot be captured
using DFTs [28] as they can only capture the failure without considering the
activation/deactivation effect.

Due to the dynamic nature of DRBDs, they can be analyzed by converting
them into a state-space model, i.e., a Markov chain. Then, the resultant Markov
chain can be analyzed using one of the traditional techniques, including analyt-
ical methods or simulation. Some tools, such as BlockSim [29], enable DRBD
analysis by providing a graphical user interface to model DRBDs and conduct
the analysis either analytically or using discrete event simulation. As mentioned
previously, complex systems can generate Markov chains with a large number
of states, which hinders the analysis process. Decomposition can be applied to
divide the DRBD into a dynamic part that can be solved using Markov chains
and a static part that can be analyzed using static RBD analysis techniques [30].
Although this decomposition would reduce the state space, such simulation based
analysis cannot provide accurate and complete results.

The formal semantics of DRBDs were introduced in [31] using the Object-Z
formalism [32]. Then, this DRBD is converted into a Colored Petri net (CPN),
where it can be analyzed using existing Petri net tools. However, since the given
DRBD is converted into a CPN, only state-based properties can be analyzed. In
addition, generic expressions of reliability cannot be obtained, which represents
our target in the proposed framework. HOL theorem proving has been only used
for the analysis of traditional SRBDs [12], which cannot support the scope of the
proposed framework, i.e., dynamic dependability. To the best of our knowledge,
there is no support of DRBD analysis using a HOL theorem prover that can cater
for the analysis of real-world systems that exhibit dynamic behavior. The main
challenge towards this direction is the absence of a formal DRBD algebra that
can provide similar analysis like DFTs. Therefore, we developed a novel algebra
that allows conducting both the qualitative and quantitative analyses based on
the structure function of DRBDs with spare constructs [15]. The formalization
of this algebra in HOL facilitates the analysis using a theorem prover. Below,
we provide an overview of DRBD constructs and structures.
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4.1 DRBD Constructs and Structures

The main dynamic DRBD constructs are shown in Fig. 3 [33]. The spare
construct is used to model spare parts in systems, similar to the DFT
spare gate. The state dependencies are used to model the effect of activa-
tion(A)/deactivation(D)/failure(F) among system components. In Fig. 3(b), the
A/D/F of the trigger will cause the state dependency controller (SDEP) to signal
the A/D/F of components X1...Xn. Finally, the load sharing (LSH) construct
is used to model the effect of sharing a load on the overall system failure. For
example, the LSH in Fig. 3 models a load that is shared among n components. It
is required that at least k out of these n components to be working in order for
the successful functionality of the overall system. Therefore, the D/F of some of
these components may cause the D/F of the rest of the components.

Besides the dynamic DRBD constructs, system components are represented
as blocks that can be connected in series, parallel, series-parallel and parallel-
series fashion, as shown in Fig. 4 [34]. Each block in Fig. 4 represents either a
simple system component or one of the DRBD dynamic constructs.

4.2 DRBD Algebra

We developed a DRBD algebra to perform both qualitative and quantitative
analyses in the HOL theorem proving environment of a given DRBD. The devel-
oped algebra can model traditional DRBD structures, i.e., series and parallel,
besides the spare construct by dealing with the time-to-failure functions. In the
developed algebra, we defined DRBD operators, like the DFT algebra, to model
the various relationships among system components. These operators are: 1)
AND (·) to model a situation where two system components are required to
work for a successful system behavior (connected in series); 2) OR (+) to model
system components that are connected in parallel; 3) After operator (�) which

(a) Series (b) Parallel

(c) Series-Parallel (d) Parallel-Series

Fig. 4. DRBD structures
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captures the situation where one system component is required to continue work-
ing after the failure of a second one; 4) Simultaneous operator (Δ) which is sim-
ilar to the DFT simultaneous operator; and 5) Inclusive after (�) that combines
the behavior of both the after and simultaneous operators. In [15] we provided
mathematical expressions for these operators, and expressed the DRBD struc-
tures and spare construct based on their mathematical expressions.

4.3 DRBD Reliability Analysis

In our algebra, we assume that each system block is represented by a random
variable, which is the time-to-failure function of this block. We also assume
that the system components are non-repairable. Based on this time-to-failure
function, the reliability of a single block is defined as [34]:

RX(t) = Pr(X > t) = 1 − Pr(X ≤ t) = 1 − FX(t) (2)

The DRBD blocks can be connected in several ways depending on the success
paths of the modeled system. The definitions and reliability expressions of the
structures of Fig. 4 are listed in Table 1 [34]. In the series structure, it is required
that all blocks are working for the system to work. Therefore, the series structure
can be modeled as the intersection of the individual block events, as listed in
Table 1, where Xi represents the DRBD event of the ith block. This structure
can be also modeled by ANDing the functions of these blocks. The reliability of
this structure equals the multiplication of the reliability of the individual blocks.
The parallel structure requires at least one of the blocks to be working for a
successful system behavior. Hence, it is modeled as the union of the events of
the individual blocks and it can be also modeled by ORing these functions. The
series-parallel structure (Fig. 4(c)) represents a series structure of blocks each
of which is a parallel structure. Therefore, it is modeled as the intersection of
unions. The parallel-series structure (Fig. 4(d)), is a parallel structure of several
series structures. It is modeled as the union of intersection of the individual
block events. In [15], we formally verified these expressions besides the reliability
of the spare construct. We plan to extend the DRBD algebra to model the
remaining dynamic constructs, i.e., load sharing and state dependency. This
requires modeling the deactivation state of system components and may include
introducing new DRBD operators to capture such behavior.

Table 1. Mathematical and reliability expressions of DRBD structures

Structure Mathematical expression Reliability

Series ⋂n
i=1 Xi

∏n
i=1 RXi

(t)

Parallel ⋃n
i=1 Xi 1−∏n

1=1(1−RXi
(t))

Series-parallel ⋂m
i=1

⋃n
j=1 X(i,j)

∏m
i=1(1−

∏n
j=1(1−RX(i,j)

(t)))

Parallel-series ⋃n
i=1

⋂m
j=1 X(i,j) 1−(

∏n
i=1(1−

∏m
j=1(RX(i,j)

(t))))
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5 Continuous Time Markov Chains

Continuous Time Markov Chains (CTMCs) are the most widely used stochastic
processes in dynamic dependability analysis since they can capture the failure
dependencies. A CTMC is a Markov process with discrete state space. The tran-
sition from one state to another can happen with a certain rate at any moment
of time. Formal methods have been used in the analysis of CTMC based sys-
tems. For example, the PRISM model checker is utilized in [10] to model and
analyze different case studies, such as dynamic voltage and molecular reactions.
However, generic expressions cannot be obtained using such analysis. Utilizing
the expressive nature of HOL, Markov chains are formalized in both HOL4 and
Isabelle/HOL [17]. In [35], the formalization of discrete time Markov chains
(DTMCs) is presented in HOL4 with some formalized attributes, such as steady
state probabilities and stationary distribution. In [16], CTMCs are formally
defined in Isabelle/HOL with the formalization of backward equations. Although
Markov chains have been formalized in HOL, no work has been proposed yet
regarding the dependability analysis of Markov chain based systems. Conduct-
ing the analysis of CTMCs to reason about dependability attributes, such as
reliability and availability, would provide formally verified generic expressions of
dependability, which is the scope of the third part of our proposed framework. In
the sequel, we present some mathematical notations that are required for both
CTMC transient and steady state analyses, which can be used for conducting
the reliability and availability analyses of a given system.

5.1 CTMC Definition and Attributes

A stochastic process {Xt, t ∈ T} is a collection of random variables indexed by
t ∈ T [36], where the time t can be continuous or discrete. The values that each
random variable can take are called states and the set of these states is called
the state space Ω. A Markov process is a stochastic process with the Markov
property [35]. If the state space is finite or countably infinite, then the Markov
process is called a Markov Chain (MC). The Markov property is defined as [2]:

Pr
(
X(t) = x| X(tn) = xn,X(tn−1) = xn−1, ...,X(t0) = x0

)
=

Pr
(
X(t) = x| X(tn) = xn

) (3)

If the transition can happen at any time, i.e., the time is continuous, then
the MC is called a Continuous Time Markov Chain (CTMC). In the proposed
framework, we are interested in CTMCs as they can capture the dynamic behav-
ior at any instance of time. Once the process is in a certain state, i, the time it
spends in this state is exponentially distributed with rate λi.

The probabilistic behavior of the CTMC is described by the initial state
probability vector πk(t0) [2], which is defined as Pr

(
X(t0 = k

)
, k = 0, 1, 2, ...

and the transition probabilities pij [2], where

pij(v, t) = Pr
(
X(t) = j | X(v) = i

)
, 0 ≤ v ≤ t and i, j = 0, 1, 2, ... (4)
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The CTMC is time non-homogeneous if the transition probabilities are func-
tions of time, while it is a time homogeneous CTMC if the transition probabilities
depend on the time difference (t − v) and not on the actual value of time [2].

pij(t) = Pr
(
X(t + v) = j | X(v) = i

)
, 0 ≤ v (5)

Each CTMC has an embedded DTMC with a probability transition matrix
P. The matrix entries are the one step probabilities from state i to state j.
This matrix specifies the behavior of the embedded DTMC, however, it does
not provide information about the transition rates. The Chapman-Kolmogorov
equation [2] provides the probability of the transition from state i to state j in
time period from v to t, where the system is taken to an intermediate state k
during the time v to u, and from the intermediate state to state j during the
time u to t. This equation can be described as [2]:

pij(v, t) =
∑
k∈Ω

pik(v, u)pkj(u, t), 0 ≤ v < u < t (6)

The state probability or the unconditional probability of being in a certain
state can be expressed using the total probability theorem as:

πj(t) =
∑
i∈Ω

pij(v, t)πi(v) (7)

If we substitute v with 0, then, only the transition probabilities and the initial
state probability vector are enough to describe the probabilistic behavior of the
CTMC [2]. The state probability vector, π(t), is a vector with an entry for each
unconditional state probability. The sum of the entries in the state probability
vector at any time is equal to 1, as the MC should be in a certain state.

∑
j∈Ω

πj(t) = 1 (8)

The infinitesimal matrix (or the generator matrix), G, is a core element in
the CTMC analysis process. It has all the information about the transition rates.
The elements of the matrix G are defined by:

gij =

{
λij , i �= j

−λi , i = j
(9)

where λij is the transition rate from state i to state j.

5.2 CTMC Dependability Analysis

A CTMC can be used to model the dependability of a certain system. For exam-
ple, a state machine can start with an initial state, where all system components
are working. Then, several states can be used to model the varying failure con-
ditions of system components. Note that it is not necessary that the failure of a
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certain component in the system can lead to the failure of the whole system. So
the failure of components in the system will cause the transition from one state
in the CTMC to another. The transition rate depends on the failure rate of the
component that failed. A fail state is used to model the fail state of the system.
The CTMC quantitative analysis can be conducted using either the transient
analysis or steady-state analysis depending on the dependability metric that we
are interested in. These include the instantaneous availability, reliability and
steady state availability, as will be described below:

Transient Analysis. The transition probabilities and the transition rates are
related using Kolmogrov’s forward or backward equations [2]. The backward
Kolmogrov’s equations are defined as:

p′
ij(t) =

∑
k �=i

λikpki(t) − λipij(t) (10)

Equation 10 can be rewritten using the matrix form as:

P′(t) = GP(t) (11)

where P(t) is the matrix transition probability function. In a similar manner,
the generator matrix can be used to find π(t) [2]:

π′(t) = π(t)G(t) (12)

Starting from a CTMC that models the failure behavior of a given system,
we can find the probability of being available at a certain moment of time, i.e.,
instantaneous availability or the system reliability using this transient analysis.
This is achieved by finding the probability of being in a fail or a working state.

Steady State Analysis. A stationary distribution is the vector of uncondi-
tional state probabilities that satisfies the following condition [36]:

π = πP(t) (13)

This means that if the CTMC starts with this initial stationary distribu-
tion, the unconditional state probabilities vector at any time will stay the same.
The stationary distribution can be found by solving the following set of linear
equations with the condition that

∑
j∈Ω πj(t) = 1 [36]:

πG = 0 (14)

Using this stationary distribution, we can find the overall probability of sys-
tem availability by finding the probability of being in a working state. This
means that we can find the fraction of time where the system is available during
its life cycle, which represents the steady state availability.
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6 Current Status and Future Milestones

The final objective of the proposed project is to develop a tool that can be used
for the formal dynamic dependability analysis of DFT, DRBD and CTMC mod-
els. To achieve this goal, we had to extend the properties of the Lebesgue integral
and probability theory in HOL4. This enabled us to verify several probabilistic
expressions that are concerned with sequences of random variables. For exam-
ple, we verified Pr(X < Y ), which is required to model the failure behavior of
some DFT gates and the DRBD spare construct. Furthermore, we verified several
properties for the independence of random variables and sets that are required for
verifying the probability of a nested hierarchy of union and intersection of sets.
These properties are useful in the analysis of complex DFT and DRBD models.
We encountered several challenges during the formalization process including the
lack of mathematical proofs in the literature that clearly identify the required
steps or theorems that can be utilized to verify the required properties.

We used our formalization to formally model and verify the mathematical
foundations of DFTs in the HOL4 theorem prover [14,24,25]. In particular, we
modeled the DFT gates and operators and verified several simplification theo-
rems. We illustrated the applicability of the proposed framework by conducting
the formal analysis of a cardiac assist system and a drive-by-wire system. Fur-
thermore, we proposed a roadmap [37] to use machine learning techniques to
conduct the DFT analysis, which reduces the user interaction with the theorem
proving environment. Tables 2 summarizes these accomplished tasks.

We developed a new algebra that allows the formal qualitative and quantita-
tive analyses of DRBDs with spare constructs within a theorem proving environ-
ment [15]. We illustrated the usefulness and utilization of the proposed algebra
in the formal DRBD based analysis of shuffle-exchange networks, which are used
in multiprocessor systems, and a drive-by-wire system, as listed in Table 2.

The remaining tasks of this project can be divided into two main categories:
1) the development and formalization of the mathematical models; and 2) the
development of the tool itself. For the first category, we need to extend the
DRBD algebra to model the state dependency and load sharing constructs. This
requires considering the deactivation process of system components instead of
dealing only with the activation and failure. By modeling this behavior, we can
consider, in the future, the repairing scenarios that are not currently supported
in our DRBD algebra. Furthermore, we have to mathematically model CTMCs
in HOL4. For this purpose, we need to extend the properties of conditional
density and distribution functions. Modeling exponential distributions and for-
malizing their properties are also needed as the time spent in each CTMC state
is exponentially distributed. Finally, we plan to conduct the dependability anal-
ysis using CTMCs including reliability and availability. We plan to utilize this
formalization in the dependability analysis of real-world systems, such as solid
state drives-RAID systems [38].

Regarding the second category, we plan to develop a parser that creates the
HOL dependability models based on a textual or graphical input format. Fur-
thermore, the end-user should be able to specify the type of analysis required
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(e.g., reliability or availability) and enter some requirements in the form of
expressions. Thus, we have to develop a user friendly graphical user interface
(GUI) to obtain these inputs. Then, we intend to invoke some machine learn-
ing (ML) algorithms that help in speeding up and automating the verification
process. This includes classifying the useful theorems and choosing the proper
tactics to be used in the verification of the input model. To achieve this step, we
need to create training and test sets that can be used in developing the proper

Table 2. Roadmap

Task Description Duration

Accomplished tasks

1 HOL Formalization of DFT algebra 14 Months

- Formal definitions of DFT gates and temporal operators [14]

- Formalization of probabilistic behavior of dynamic gates [14,25]

2 DFT applications 2 Months

- Quantitative analysis of CAS [14]

- DFT qualitative and quantitative analyses of CAS and DBW [25]

3 New DRBD algebra [15] 2 Months

4 HOL formalization of DRBD algebra [15] 9 Months

- Formal definitions of DRBD structures and spare construct

- Formalization of reliability expressions

5 DRBD applications 1 Month

- Formal reliability analysis of DBW and SEN [15]

Future plan

6 More DRBD dynamic constructs 6 Months

- Formalization of state dependencies construct

- Formalization of load sharing construct

7 Formalization of CTMCs 9 Months

- Homogeneous

- Non-homogeneous

8 Formal CTMC analysis 6 Months

- Transient analysis

- Steady state analysis

9 Applications (Reliability of SSD RAID) 2 Months

10 Using machine learning to automate the analysis 6 Months

- Create training and test sets

- Develop ML models

11 Tool Development 3 Months

- Develop a GUI

- Develop a parser

- Program the core of the tool

Total time 60 Months
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ML models. Finally, we have to program the core of the tool that connects the
pieces of the framework together to enable the automatic dynamic dependability
analysis. As the development of this tool is an incremental process, which can
be improved with time, we plan to conduct some tutorials for end-users that
are not familiar with HOL to train them and consider their feedback. This step
is also important for verification and reliability engineers that are interested in
enriching the underlying theories of the proposed framework. This helps in the
sustainability of the proposed framework by engaging many users with differ-
ent goals and backgrounds in the development of the framework and its tool. A
summary of this roadmap is provided in Table 2.

7 Conclusions

In this paper, we proposed a comprehensive framework to conduct the formal
dynamic dependability analysis using HOL theorem proving. We provided the
details of the mathematical foundations of each part of the proposed framework.
The main contributions of this work is the development of the proposed frame-
work in the HOL4 theorem prover that includes the formalization of DFTs and
CTMCs besides the development of the DRBD algebra. These formalized models
allow the dependability analysis of many real-world system that exhibit dynamic
behavior. We described the future milestones to complete the proposed project
including the final tool that enables the (semi) automation of the analysis.
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