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ABSTRACT
Simulation cannot give a full coverage of Phase Locked Loop
(PLL) behavior in presence of process variation, jitter and
varying initial conditions. Qualitative Simulation is an at-
tracting method that computes behavior envelopes for dy-
namical systems over continuous ranges of their parameters.
Therefore, this method can be employed to verify PLLs lock-
ing property given a model that encompasses their imperfec-
tions. Extended System of Recurrence Equations (ESREs)
offer a unified modeling language to model analog and dig-
ital PLLs components. In this paper, an ESRE model is
created for both PLLs and their imperfections. Then, a
modified qualitative simulation algorithm is used to guaran-
tee that the PLL locking time is sound for every possible ini-
tial condition and parameter value. We used our approach
to analyze a Charge Pump-PLL for a 0.18μm fabrication
process and in the presence of jitter and initial conditions
uncertainties. The obtained results show an improvement
of simulation coverage by computing the minimum locking
time and predicting a non locking case that statistical sim-
ulation technique fails to detect.

Categories and Subject Descriptors
B.7.2 [Integrated Circuits]: Design Aids—Verification,
Simulation

Keywords
PLL; ESRE; Qualitative Simulation

1. INTRODUCTION
The verification of Analog and Mixed Signal (AMS) de-

signs is challenging and time-consuming because of their in-
finite state space, the fundamental differences of their digital
and analog components operating modes, and their sensitiv-
ity to initial conditions uncertainties, process variation, de-
vice jitter and noise [5]. Phase Locked Loops (PLLs) are one
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of the basic and widely used AMS circuits in modern elec-
tronic systems. They are used as modulators and demodu-
lators in wireless systems, frequency synthesizer in commu-
nication systems, and clock-acquisition in high-speed links.
Several research activities have been done to model PLLs
at high abstraction levels [3, 7, 13] in order to identify their
functional errors at early design stages. These abstracted
models offer a good accuracy and can serve as a reference to
check the behavior of the device level PLL implementation.
The required time for PLLs to lock is a key property in their
verification. Typically, numerical simulation techniques are
conducted to check the PLL locking for a finite number of
initial conditions and parameters values. However, simula-
tion cannot guarantee that there are no other possible initial
conditions and parameters values that can derive the PLL
into unlocking. In order to overcome this verification cov-
erage shortcoming, the circuit should be verified for entire
intervals of possible initial conditions and parameter values.
Qualitative Simulation is a method for the simulation of con-
tinuous dynamical systems whose parameters and/or initial
conditions are modeled by fuzzy distributions [10]. Inter-
estingly, this method provides a phase space representation
of dynamical model sensitivity to parameters which can be
used to verify PLL locking property.

In this paper, a new modeling and verification method-
ology for PLL designs is proposed. The PLL design is de-
scribed in terms of Extended System of Recurrence Equa-
tions (ESREs) (to be mathematically defined later). These
equations offer a unified language to describe both analog
and digital blocks of PLLs as functions of the preceding state
variables terms. Moreover, Extended SREs offer a means of
modeling more abstracted designs which significantly speed
up the verification execution time. Our ESRE PLL models
include the effect of accumulating and synchronous jitter as
well as process variation. The Qualitative Simulation algo-
rithm proposed in [10] has been reformulated for the case of
discrete models expressed using ESREs to enable the verifi-
cation of PLL locking behavior over entire ranges of initial
conditions and parameter values. To illustrate the use of our
methodology, we study the lock time property of a third or-
der dual path charge pump PLL. The obtained results show
that we can predict unlocking corner cases which cannot be
determined via nominal parameters simulation nor statisti-
cal simulation.

The rest of the paper is organized as follows: related
work is discussed in Section 2. Then, Section 3 provides
an overview of the proposed methodology. After that, we
report experimental results for the analysis of the lock time
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of a third order dual path charge pump PLL in Section 4.
Finally, the concluding Section 5 summarizes the contribu-
tions of this paper and provides future work.

2. RELATED WORK
Simulation based techniques provide an insight of the cir-

cuit behavior only for particular values of parameters and
initial conditions. Therefore, they suffer from uncertainty
about verification coverage. Indeed, running multiple simu-
lations cannot guarantee the absence of corner cases where
the subject property is not satisfied [4]. To improve the cov-
erage of analog circuits state space, the authors in [12] pro-
posed an algorithm that guides the input stimuli but falls
short to address the effect of Process Variation (PV). In
[9], the PLL is modeled using Stochastic Differential Equa-
tions (SDE). Then, it is verified using a statistical runtime
verification approach that combines Monte Carlo/Bootstrap
techniques with hypothesis testing. The accuracy of the ver-
ification technique is directly related to the confidence level
which depends on the number of simulation runs [9]. In
addition, this technique introduces randomness in the sim-
ulation but fails to cover all possible design behaviors.

The use of formal methods is another paradigm that has
been adopted by many researchers [15]. For instance, an
equivalence checking formal technique has been used in [11]
where the authors verify the equivalence of a Verilog AMS
PLL behavioral model against its Spectre netlist electrical
implementation for a limited set of input conditions and
without imperfections. In [14], the authors proposed a meth-
od for reachability analysis of AMS designs, such as sigma
delta converters, using Taylor approximations and inter-
val arithmetic. However, this method suffers from depen-
dency and wrapping effect problems. In [3], a reachability
analysis technique has been proposed to verify the locking
of a PLL circuit (which we intend to also verify in this
paper) under parameters and initial condition variations.
Taylor approximation was used to model the PLL design
and a method called continuization was proposed to over-
approximate the reachable state based on a geometrical rep-
resentation namely polyhedra in the multidimensional space.
This technique has the following shortcomings: first, it does
not consider jitter which is the major concern in the locking
of PLLs [2]. Second, their proposed model and algorithm
are not scalable to handle other PLL designs.

3. PROPOSED METHODOLOGY
An overview of our proposed methodology for modeling

and verifying PLL designs is depicted in Figure 1. This
methodology can be split into two main phases: a model-
ing phase that results in an ESRE model including process
variation and two different jitter models and a Qualitative
Simulation based verification which assess the effect of PLLs
imperfections on its locking time. We have implemented this
methodology using the numerical computation environment
MATLAB.

3.1 Modeling Phase
PLL designs contain both analog and digital modules that

are interconnected and interrelated. Hence, it is not appro-
priate to model these modules separately. Therefore, we
have to describe the continuous (analog) signal and the dis-
crete (digital) signal using the same language in order to
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Figure 1: PLL Modeling and Verification Method-
ology

exhibit the interrelationships between the two. The behav-
ior of analog circuits can be mathematically modeled by Or-
dinary Differential Equations (ODEs). Since a close-form
solution for these ODEs is not always obtained, a numeri-
cal approximation is needed. Using System of Recurrence
Equations (SREs) [1], it will be possible to handle continu-
ous behaviors like that of currents and voltages in discrete
time intervals which can be done for a non-trivial class of
analog circuits. An SRE is a set of relations between consec-
utive elements of a sequence. It is mathematically defined
as a system consisting of a set of equations of the form:

xi(nt) = fi(xj(nt − δ)), ∀nt ∈ Z (1)

where xi(nt) ∈ R is a state variable with i, j ∈ 1, .., k and
nt ∈ Z, and δ ∈ N represents the delay. On the other hand,
digital designs are described using various frameworks such
as Finite State Machines and Petri nets. To alleviate the
modeling gap between the digital and analog models, we use
the notion of Extended SRE (ESRE) for interleaving the two
[1]. ESREs offer a means of modeling more abstracted PLL
designs which will significantly speed up the verification ex-
ecution time. In [1], the authors define the notion of ESREs:
“Generalized If-formula is a class of expressions that extend
SREs to describe digital systems”. Mathematically, it is de-
fined as follows: let K be a numerical domain (B,N,Z,Q or
R), a generalized If-formula is one of the followings:

• A variable xi(n) or a constant C ∈ K.

• Any arithmetic operation ♦ ∈ (+,−,×,÷) between
variables xi(n) ∈ K.

• A logical formula: any expression constructed using a
set of variables xi(n) ∈ B and logical operators : not,
or, and, nand, nor, etc.

• A comparison formula: any expression constructed us-
ing a set of xi(n) ∈ K and comparison operators α ∈
(<,=, >,<>).
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• An expression If(x, y, z), where x is a logical formula
or a comparison formula and y, z are any generalized
If-formula. Here, If(x, y, z) : B×K×K → K satisfies
the axioms:

If(True, x, y) = x
If(False, x, y) = y

To accommodate the imprecise nature of PLL designs, de-
sign imperfections will be taken into account and will be con-
sidered as an integral part of the design modeling method.
As a next step, we append to the generated PLL ESRE
model two imperfections effect. The process variation due
to 0.18μm process [8] and the jitter (a.k.a phase noise). De-
pending on the fabrication technology and the circuit con-
figuration, we include process variation in some or all circuit
components. We assume that the parameter values adhere
to a Gaussian distribution with mean equal to their nom-
inal values and a standard error σ equal to the deviation
percentage extracted from the technology library.

As characterized by Kundert in [6], there are two types
of jitter that impact the locking property of PLLs: syn-
chronous jitter exhibited by driven blocks such as the Phase
Frequency Detector (PFD), Charge Pump (CP) and Fre-
quency Divider (FD), and accumulating jitter exhibited by
autonomous blocks such as the Voltage Controlled Oscillator
(VCO) and the reference oscillator (Ref). As a next step,
we include the synchronous jitter as a phase modulation.
The accumulating jitter is modeled as frequency modula-
tion since in its presence the frequency of a signal fluctuates
randomly [6].

3.2 Verification Phase
The behavior of a PLL design cannot be precisely defined

in many cases due to inherent initial conditions uncertainty.
For that reason, complete ranges of the PLL initial condi-
tions are considered, as done in [3]. They are generated as
ranges of values that follow uniform probability distribution
as done in [3]. Also, the simulation parameters such as the
step-size δt, the initial simulation time to, and the simulation
end time tf are specified.

Thereafter, the proposed ESRE based Qualtitative Simu-
lation algorithm is used to generate a lower and an upper
bounds for the transient behavior of each of the ESRE PLL

Algorithm 1 ESRE based Qualitative Simulation

Require: ESRE(X) , ESREproperty , T = [t1, t2, ..., tN ] ,
IC

1: for nt ← t2 to tN do
2: for nt∗ ← t1 to nt do
3: Xmin(nt) ← +∞
4: Xmax(nt) ← −∞
5: Δt ← nt∗ − nt∗−1

6: Xmin(nt) ← min(X(nt∗)) |X(nt∗) = f(X(nt∗ −
Δt)) ∧ If(LBIC < IC < UBIC , true, false)

7: Xmax(nt) ← max(X(nt∗)) |X(nt∗) = f(X(nt∗ −
Δt)) ∧ If(LBIC < IC < UBIC , true, false)

8: end for
9: BL(nt) ← Xmin(nt)
10: BU (nt) ← Xmax(nt)
11: end for
12: Evaluate ← If(ESREproperty, true, false)

model state variables (see Figure 1). These envelopes over-
approximate the behavior of the PLL design without using
any geometrical representation, as in [3]. The behavior of
the circuit is tracked over a range of conditions in one ex-
ecution. In this paper, we extend the Qualtitative Simula-
tion algorithm proposed in [10] to support the verification
of PLL designs described with ESREs (see Algorithm 1).
Algorithm 1 requires: an ESREs model of the circuit with
imperfections denoted by ESRE(X), the desired property
to be verified ESREproperty, which is the locking property
for PLL (for example: the required number of cycle for the
PLL to lock), the sampling time vector T of size N, and
the initial conditions IC, which are m number of intervals
for the state variable vector X of size m. The algorithm
uses a global optimization technique to compute the mini-
mum Xmin (line 6) and maximum Xmax values (line 7) of
the state variable X such that they are a solution of the
ESRE model for the initial conditions ranges. For each time
instant nt, the computation of Xmax and Xmin is done by
evaluating all solutions starting from the first sampling in-
stant (see lines 2-8 in Algorithm 1). To do so, the time step
Δt is not equidistant; it is adaptatively refined in order to
ensure accuracy while optimizing computations. Thereafter,
the algorithm affects the obtained values of Xmin and Xmax

to the lower bound BL (line 9) and the upper bound BU

(line 10), respectively. Therefore, the behavior of the PLL
design is bounded between the BU and the BL for each state
variable. These envelopes are used in an offline based verifi-
cation of the locking property ESREproperty (line 12). The
BU and the BL are involved to verify if the PLL locking
property is satisfied or not, as depicted in Figure 1.

4. CHARGE PUMP PLL
In this section, we apply the proposed methodology on

the dual path third order Charge Pump PLL depicted in
Figure 2 [3]. It is comprised of five blocks: a reference signal
oscillator, a phase frequency detector, charge pumps, a low
pass filter, and a voltage controlled oscillator. By placing a
frequency divider in the feedback path, the PLL can be used
as a frequency synthesizer that multiplies the low frequency
of the reference oscillator to generate a higher output fre-
quency signal. Locking is a key property for all PLL based
frequency synthesizers. This property is defined as the syn-
chronization of the VCO frequency fV CO being equal to ND

times the input reference frequency fref .

phase
frequency
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(PFD)

frequency
divider
1/N

UPUP

DNDN
Ref

Cp1Cp1 Cp3Cp3
Rp2Rp2

vpvp

CiCi
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VCOVCO
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ФvФv

iiii

iippiipp

Figure 2: CP-PLL Based Frequency Synthesizer [3]

4.1 Behavioral Model
The CP-PLL based frequency synthesizer schematic, shown

in Figure 2, has two different models:
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1. Continuous Time Dynamic Model which is a set of
first order ODEs (Equation (2)) that describes the behav-
ior of the analog components namely, the Ref, the CPs, the
LPF, the VCO, and the FD.

ẋ = Ax+Bu+ c (2)

where x = [vi vp1 vp φv φref ]
T denotes the continuous state

vector and u is the input vector u = [ii ip]
T

A =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 − 1

Cp1
( 1
Rp2

+ 1
Rp3

) 1
Cp1Rp3

0 0

0 1
Cp3Rp3

− 1
Cp3Rp3

0 0
Ki
ND

0 Kp
ND

0 0

0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

B =

⎡
⎢⎢⎢⎢⎣

1
Ci

0

0 1
Cp1

0 0
0 0
0 0

⎤
⎥⎥⎥⎥⎦

C =

⎡
⎢⎢⎢⎢⎣

0
0
0

2π
ND

f0
2πfref

⎤
⎥⎥⎥⎥⎦

We keep the same notations in Figure 2 for the circuit vari-
ables (voltage and current nodes) and components (capaci-
tor and resistors). The VCO frequency fV CO can be deter-
mined as follows:

fV CO =
1

2π
(Kivi +Kpvp) + f0 (3)

where f0 stands for the offset frequency and Ki and Kp rep-
resent the VCO gain.
2. Discrete Event Dynamic Model which character-
izes the digital component PFD behavior. Its operation is
described by the four states Finite State Machine (FSM)
shown in Figure 3. After comparing the VCO phase (φV CO)
with the phase of the reference oscillator (φref ), two state
sequences are possible:

• Both off → Up active → Both on → Both off : if the
reference oscillator leads the feedback signal (φref =
2π is reached first), then the CP injects a current to
charge the LPF capacitor, which increases the VCO
control voltage.

• Both off → Dw active → Both on → Both off : if the
reference oscillator lags the feedback signal (φv = 2π
is reached first), then the CP injects a current to dis-
charge the LPF capacitor, which decreases the VCO
control voltage.

Both_Off
UP=0
DW=0

Up_Active
UP=1
DW=0

Dw_Active
UP=0
DW=1

Both_On
UP=1
DW=1

gurad: t==td

guard: ɸref ==2π
reset: ɸv :=ɸv -2π

ɸref :=0

guard: ɸv ==0
reset: t:=0

guard: ɸv ==2π
reset: ɸref :=ɸref -2π

ɸv :=0

guard: ɸref ==0
reset: t:=0

Figure 3: PFD Dynamic Model [3]

As illustrated in Figure 3, the phase values are reset to
(φ−2π) after the leading signal, whose phase reaches 2π first,
is identified. Therefore, the same transition condition can be
used for the next cycle. At the zero crossing of the lagging
signal, the FSM passes to the state Both On. After a time
delay td, which represents the time required to switch off
the charge pumps, the FSM enters the Both Off state. The
input vector u changes according to the PFD FSM states,
as follows:

u =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
0 0

]T
if Both Off[

IDW
i IDW

p

]T
if Dw active[

IUP
i IUP

p

]T
if Up active[

IUP
i + IDW

i IUP
p + IDW

p

]T
if Both On

with IDW
i = −IUP

i and IDW
p = −IUP

p

Extended System of Recurrence Equations Model
The analog behavior of the PLL (described by the linear
continuous dynamic model) and the digital behavior of the
PFD (described as FSM) are transformed into ESREs using
the approach defined in Section 3.1, as follows :

vi(n+ 1) = if((Both On ∨ Both Off),
vi(n) + f1(n, 0), if(Up active, vi(n)
+f1(n, I

UP
i ), vi(n) + f1(n, I

DW
i )))

vp1(n+ 1) = if((Both On ∨ Both Off),
vp1(n)− f2(n, 0), if(Up active, vp1(n)
−f2(n, I

UP
p ), vp1(n)− f2(n, I

DW
p (n)))

vp(n+ 1) = if(true, vp(n) + f3(n), 0)

φv(n+ 1) = if(true, φv(n) + f4(n), 0)

φref (n+ 1) = if(true, φref (n) + f5(n), 0)

where
f1(n, I) =

1

Ci
Iδn (4)

f2(n, I) =
1

Cp1
[(

1

Rp2
+

1

Rp3
)vp1(n)− 1

Rp3
vp(n)− I]δn) (5)

f3(n) = [
1

Cp3Rp3
(vp1(n)− vp(n))]δn (6)

f4(n) = [
Ki

ND
vi(n) +

Kp

ND
vp(n) +

2π

ND
f0]δn (7)

f5(n) = 2πfrefδn (8)

4.2 Verification of the Locking Property
In this Section, the verification of the locking property of

the PLL is discussed in detail. If the phase difference be-
tween the reference signal and the feedback one is within the
tolerated bound [−0.2 ◦, 0.2 ◦], then the PLL is“locked”, oth-
erwise the PLL is “not locked”. The PLL locking property
in ESRE form is given in Equation (9).

If(|φv(n)−φref (n)| < 0.2 ◦, PLL locked, PLL not locked)
(9)

Figures 4 and 5 depict the analysis of the locking property
of the CP-PLL without imperfections for the design param-
eters listed in Table 1. We notice that the VCO frequency
stabilizes to 27 MHz after about 756 cycles which corre-
spond also to a zero phase difference between the reference
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signal and the feedback signal. However, such analysis can
only be performed for one possible initial conditions vector
which is in this case x = [0.35 0.01 − 0.01 − 0.3 0]. We
now verify the locking property of the PLL using our ESRE
based Qualitative Simulation algorithm. The verification is
performed for a range of the voltage nodes initial conditions
(vi(0) ∈ [0.34, 0.36] and vp(0), vp1(0) ∈ [−0.01, 0.01]), and
the feedback phase φv. The initial reference phase φref (0)
is fixed to zero.
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Figure 6 shows the upper and the lower bounds of the
VCO phase state variable. We remark that the phase is al-
ways between 0 and 2π because the reference and feedback
phase are reset to φ = φ− 2π. Thus, the same phase cross-
ing can be used in the next cycle. One of the advantages
of our methodology is verifying the PLL locking property
based only on the phase difference (φref − φv) state vari-
able. In other words, if the upper and the lower bounds of
the phase difference are in the tolerated region [−0.2 ◦, 0.2 ◦],
then we claim that the PLL is locked. A comparison of the
required number of cycles (tcycle = 1

fref
) for the PLL lock-

ing between our Qualitative Simulation (QS) methodology
(ESRE-QS) and the Monte Carlo (MC) simulation technique
(MC-S) is depicted in Table 2. The simulation was carried
out first in the ideal case (row 1), then with process vari-
ation (PV) in the VCO (row 2), the CP (row 3), and the
LPF (row 4), finally with synchronous jitter (row 5), and
accumulating jitter (row 6). Our methodology analyzes the
locking property for an entire initial conditions range of the
normalized phase φv. On the other hand, the Monte Carlo
technique analyzes the locking property for only one pos-
sible initial condition value in each trial. Therefore, MC
simulations are performed for 10 times and the maximum
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Figure 6: Bounds of the VCO Phase State variable

number of cycles found is compared with our results. In
other words, the reported number of cycles for MC tech-
nique are performed by randomly choosing the initial value
of φi

v ∈ 0.1× [i, i− 1], i = 1, 2, .., 5.
From Table 2, it can be noticed that our Qualitative Sim-

ulation approach provides a greater number of required lock-
ing cycles compared to the MC technique. Unless an infinite
number of simulations is conducted, the MC simulation tech-
nique cannot provide the maximum clock cycles required for
the PLL to be locked in an initial condition interval. We also
see that the number of lock cycles increases with the initial
phase difference (φref (0)− φv(0)).

Table 1: Parameters for the CP-PLL Model [3]
Name Value Unit
fref 27 KHz
f0 26.93 MHz
ND 1000 –
Ki 200 MHz/V
KP 25 MHz/V
Ii [9.9, 10.1] μA
Ip [495, 505] μA
Ci 25 pF
Cp1 6.3 pF
Cp3 2 pF
Rp2 50 KΩ
Rp3 8 KΩ
td 50 ps

Moreover, we remark that the jitter performance, and
more specifically the synchronous jitter in the VCO and
the reference oscillator (row 6), are of great concern in PLL
locking. For these imperfections, the PLL fails to lock as
represented by the “dashed entry” in Table 2. More im-
portantly, when considering phase modulation jitter and
for φv ∈ [−0.5,−0.4], our Qualitative Simulation technique
finds values of φv where the PLL fails to lock, while the
MC technique was not able to detect this violation (shaded
region).

5. CONCLUSIONS
In this paper, a new methodology to verify the locking

property in PLL designs based on Qualitative Simulation
technique is proposed. The PLL design is modeled using
Extended System of Recurrence Equation in the presence of
accumulating jitter, synchronous jitter, and process varia-
tion. Thereafter, the verification algorithm based on Qual-
itative Simulation is conducted to analyze the behavior of
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Table 2: Required Cycles for PLL Locking
φv ∈ −0.1× [5,4] [4,3] [3,2] [2,1] [1,0]

Experiment ESRE-QS MC-S ESRE-QS MC-S ESRE-QS MC-S ESRE-QS MC-S ESRE-QS MC-S
No

1454 883 1389 832 1313 709 1247 676 1169 628
imperfections

PV
1827 1228 1763 1117 1718 1001 1652 972 1574 946

in VCO
PV

1576 1066 1514 913 1479 894 1406 837 1367 779
in CP
PV

1681 1157 1629 1007 1580 994 1516 956 1489 913
in LPF
Synch.

– 2513 1546 2337 1481 2284 1405 2162 1379
jitter only

1763

Accum.
– – – – – – – – – –

jitter only

the PLL ESRE model over a range of initial conditions. The
algorithm computes the envelopes that enclose all possible
behaviors of the PLL state variables. This methodology has
been gainfully employed on a third order Charge Pump PLL
verification. The required locking cycles of the PLL design
were computed over a range of parameters due to 0.18μm
technology process, and a range of initial conditions of node
voltages and feedback phase. Our methodology proved a
better coverage compared to simulation methods. Indeed,
a locking failure case was found using our approach that
was not predicted by 10 Monte Carlo simulations of ran-
domly chosen initial values of the normalized feedback phase
φv ∈ [−0.5,−0.4].

As future work, we are planning to improve the imper-
fections models by deriving them directly from device level
simulations and integrating them in the ESREs behavioral
model. Moreover, we are working on the application of the
proposed method to larger and more complex AMS designs
and the verification of their functional properties. By doing
so, we will be able to measure and assess the limitation of
the proposed methodology.
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