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1 CAS Theory

Built: 03 July 2019
Parent Theories: DFT_Gates_def_ PROB

1.1 Definitions

[indep_vars_10_def]

[ Vp M AO A1 A2 A3 A4 A5 A6 A7 Ag Ag.
indep_vars_10 p M Ao A1 A2 A3 A4 A5 AG A7 Ag Ag =
indep_vars p (A\i. M)

(\i.
if 1 = 0 then A4
else if i = 1 then A4;
else if i = 2 then A,
else if i = 3 then A3
else if i = 4 then A,
else if i = 5 then Aj
else if i = 6 then Ag
else if i = 7 then A,
else if i = 8 then Ajg
else Ag) {0; 1; 2; 3; 4; 5; 6; 7; 8; 9}
[UNIONL_def]

F (UNIONL [1 = {}) A Vs ss. UNIONL (s::ss) = s U UNIONL ss

1.2 Theorems

[add_assoc_10_var]

F YAy Ay As Ay As A A7 Ag Ag Aqp.
Ay # PosInf A As # PosInf A Az # PosInf A Ay # PosInf
As # PosInf A Ag # PosInf A A; # PosInf A Ag # PosInf A
Ag # PosInf A Ajp # PosInf =
(47 +
(A +

(A3 + (Ag + (A5 + (Ag + (A7 + (Ag + (A9 + A10))))))))

Ay + Ao + Az + Ay + A5 + Ag + Ar + Ag + Ay + Ayp)

>

[add_assoc_20_var]

F VA, Ay A3 Ay As Ag A7 Ag Ag Ao A1 A Az Ay Ars As Arr
Aig A9 Ay
Ay # PosInf A Ay # PosInf A As # PosInf A Ay # PosInf A
As # PosInf A Ag # PosInf A A; # PosInf A Ag # PosInf A
Ag # PosInf A Ajg # PosInf A Ay; # PosInf A
A1s # PosInf A Aj3 # PosInf A Ayy # PosInf A
Ai5 # PosInf A Ajg # PosInf A Aj7 # PosInf A
Aig # PosInf A Ayg # PosInf A Ay # PosInf =
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(47 +
(Az +
(A3 +
(A, +
(A5 +
(A6 +
(A7 +
(Ag +
(Ag +
(Ao +
(A +
(Ap +
(A3 +
(Ay +
(A1 + (A + (A7 + (Agg + (Aig + A0))INNININN)) =
Ay + Ay + Az + Ay + A5 + Ag + Ap + Ag + Ag + Ayg + A +
Apg + Az + Ay + Ays + A + Air + Aig + Ayg + Agp)

[add_assoc_30_var]

B VAL Ay Az Ay As Ag A7 Ag Ag Ay Ann Arx Arz A Ais Are Arr

Arg Arg Aog Agr Azp Aoz Asy Ass Asg Aoy Asg Azg Asp.

Ay # PosInf A As # PosInf A A3 # PosInf A Ay # PosInf A

As # PosInf A Ag # PosInf A A; # PosInf A Ag # PosInf A

Ag # PosInf A Ajg # PosInf A Aj; # PosInf A

Aj5 # PosInf A13 # PosInf A Ayy # PosInf

Ais # PosInf A Ajg # PosInf A Aj7 # PosInf

Ayg # PosInf A9 # PosInf A Agg # PosInf

Agy # PosInf Ago # PosInf A Agy # PosInf

Aoy # PosInf Ass # PosInf A Agg # PosInf

Ag7 # PosInf A Agg # PosInf A Agg # PosInf

(47 +

(Ag +

(As +
(Ag +
(A5 +
(AG +
(A7 +
(Ag +
(Ag +
(Ao +
(A +
(A2 +
(A3 +
(Ayg +
(A5 +
(A1 +
(A17 +
(Aig +
(A +

>>> > > >
>> > > > >

Asg # PosInf =
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(Ago +
(Agy +
(A +
(Agz +
(Agy +
(Ags +
(Age +
(Ag7 + (Aog + (A9 + A300)))))))))))))))))))IN))) =
Ay + Ao + Az + Ay + A5 + Ag + Ar + Ag + Ag + Ayg + Ay +
Ajg + Az + Ay + Ays + Agg + Air + Aig + Ayg + Ay +
Agy + Aggp + Agz + Apy + Ags + Agg + Aoy + Agg + Agg +
Asp)

[add_assoc_40_var]

F VA, Ay A3 Ay As Ag A7 Ag Ag Ao Ann A Az Ay Ars As Arr
Ag Arg Axg Az Age Az Agy Ags Azg Azr Agg Azg Azg Asn
Azy Aszs Asy Azs Aze Aszr Azg Azg Ago.
Ay # PosInf A A; # PosInf A A3z # PosInf A Ay # PosInf A
As # PosInf A Ag # PosInf A A; # PosInf A Ag # PosInf A
Ag # PosInf A Ayg # PosInf A Ay # PosInf A

Ais # PosInf A Aj3 # PosInf A Ayy # PosInf A
A15 # PosInf A Aig # PosInf A Ay7 # PosInf A
Ayg # PosInf A A9 # PosInf A Agg # PosInf A
Agy # PosInf A Agy # PosInf A Agz # PosInf A
Aoy # PosInf A Ags # PosInf A Asg # PosInf A
A27 7é PosInf A Azg 7é PosInf A Agg 7£ PosInf A
Agg # PosInf A Asg; # PosInf A Ass # PosInf A
As3 # PosInf A Azq # PosInf A Aszs # PosInf A
Asg # PosInf A Az; # PosInf A Azg # PosInf A
Azg # PosInf A Ayy # PosInf =

(A7 +

(A +

(A3 +
(Ag +
(A5 +
(AG +
(A7 +
(Ag +
(Ag +
(Ao +
(A1 +
(App +
(A3 +
(Ayy +
(A5 +
(A +
(A7 +
(Ag +
(Ao +
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(Ago +
(Agy +
(Agz +
(Ay3 +
(Agy +
(Ags +
(A +
(Agr +
(Agg +
(Agg +
(Azo +
(A3 +
(Azz +
(Azz +
(A34 +
(A35 +
(Aze +
(Az7 +
(Asg + (Asg + A40)))))))IIIIIIININIIIIIIIIIIIIID)

Ay + Ay + A3 + Ay + A5 + Ag + Ay + Ag + Ag + Ayg + Ay +
Ajg + Az + Ay + A5 + Ay + Air + Ag + Ayg + Ay +
Agp + Agp + Apz + Agy + Ags + Agg + Aoy + Agg + Agg +
Azg + A3y + Azp + Azz + Azg + Azs + Age + Az + Az +
Azg + Ago)

[add_assoc_50_var]|

VA Ay Az Ay As Ag A7 Ag Ag Ayg Ann A Az Ay Ars As Arr
Ag Arg Aog Aoy Agp Azz Aoy Azs Ass Ay Azg Azg Azg Asy
Azp Asz Asy Aszs Azg Aszr Asg Azg Ago Asr Aso Auz Ays Aus
Aye Agr Asg Agg Asp.
Ay # PosInf A A; # PosInf A A3z # PosInf A Ay # PosInf A
As # PosInf A Ag # PosInf A A7 # PosInf A Ag # PosInf A
Ag # PosInf A Ajg # PosInf A Ay; # PosInf A

Aio # PosInf A Aj3 # PosInf A Ay # PosInf A
Ais # PosInf A Ajg # PosInf A Aj7 # PosInf A
A1z # PosInf A Ayg # PosInf A Agg # PosInf A
Agl 75 PosInf A A22 7é PosInf A Agg 7& PosInf A
Aoy # PosInf A Ass # PosInf A Agg # PosInf A
Ag7 # PosInf A Asg # PosInf A Asg # PosInf A
Aszg # PosInf A Az; # PosInf A Azs # PosInf A
Aszz # PosInf A Azy # PosInf A Azs # PosInf A
Asg # PosInf A Ag7; # PosInf A Asg # PosInf A
Asg # PosInf A Ay9 # PosInf A Ay # PosInf A
Ayo # PosInf A Ay3 # PosInf A Ayy # PosInf A
Ays # PosInf A Ays # PosInf A Ay7 # PosInf A
Aug # PosInf A Ayg # PosInf A Asg # PosInf =
(4 +

(Ag +

(A3 +
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(Ay +
(A5 +
(Ag +
(A7 +
(AS +
(Ag +
(Ao +
(A +
(415 +
(Arz +
(A +
(A5 +
(A +
(A7 +
(Arg +
(A9 +
(Ago +
(Agy +
(A +
(Agz +
(Agy +
(Ags +
(Age +
(Ag7 +
(Agg +
(Agg +
(Ago +
(A3 +
(Azp +
(Azz +
(Azq +
(Azs +
(Azg +
(Azr +
(Asg +
(Agg +
(Ayo +
(Ay +
(Agp +
(Ayz +
(Ayq +
(Ays +
(Age +
(Ayr +
(Agg +
(Agg +
A50)7)3)))3232333))3232333)3)))))))))))))))
A1+A2+A3+A4+A5+A6+A7+A8+A9+A10+A11+
Ajg + Az + Ay + Ays + A + Air + Aig + Ayg + Ay +
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Ay
Asg
Asg
Ayg

[add_assoc_

+ Ag
+ A31
+ A40
+ Ay

+ o+ o+ +

5_var]

Agz + Agy + Aps + Agg + Agy + Agg + Agg +
A32 + A33 + A34 + A35 + A36 + A37 + Agg +
Agp + Agp + Ayz + Ayy + Ags + Age + Ag7 +
Aso)

F VA Ay A Ay As.
Ay # PosInf A As # PosInf A Az # PosInf A Ay # PosInf A
As # PosInf =
(A + (Ap + (A3 + (Ag + A5))) = Ay + Ay + Az + Ay + As)

[add_assoc_

5_vari]

F VYA Ay A3 Ay As.
Ay # PosInf A Ay # PosInf A Az # PosInf A Ay # PosInf A
As # PosInf =
(Ay + (Ag + Az + Ay + As) = Ay + Ay + Az + Ay + Ap)

[add_assoc_

F VA A,
Aig
Az
Age
Ago

63_var]

Az Ay As A A7
A9 Ay Aoy
Azz Aszy Ass
Agr Asg Agg
Ae1 As2 Ag3-
Ay # PosInf A As # PosInf A Az # PosInf A Ay
As # PosInf A Ag # PosInf A A; # PosInf A Ag

Ao
Asg
Aso

AS A9 AlO All A12 A13 A14 A15 A16 Al?

Aoz Aoy Aos Aog Aay Azg Aag
Asr Asg Asg Aso Ay Aso Aus
A5y Asy Ass Asy Ass Asg Asy

Ag # PosInf A Ajg # PosInf A Ay; # PosInf A

Agg
Ais
A
A
Ay
Aoy
Aso
Ass
Asze
Aszg
Ay
Ays
Ayg
As1
Asy
Asg
Asg
Ag2
(A

# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
+

(A +
(A3 +

(

Ay +

>>>>>>>>>>>>>>>>> >

Az
A
Agg
Ago
Ags
Aagg
Az
Asy
Asr
Ay
Ay
Age
Ay
Asz
Asy
Asr
Ago
Ags

# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf

A
A\
A\
A\
A
A
N
A
A\
A
A
A
A\
A\
N
A
A
=

Ay
A7
Agg
A3
Agg
Agg
Asp
Aszs
Asg
Ay
Ayy
Ayr
Aso
Ass
Ass
Asg
Ag1

# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# PosInf

>>>>>>>>>>>>>>> > >

Azg Az
Ags Ays
Asg Asg

# PosInf A
# PosInf A
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(45 +
(Ag +
(A7 +
(Ag +
(Ag +
(A +
(A +
(A2 +
(A3 +
(Ay +
(A5 +
(A +
(A7 +
(A1g +
(A9 +
(Agg +
(Ag +
(Agp +
(Agz +
(Agy +
(Ags +
(Age +
(Ag7 +
(Agg +
(Agg +
(Azo +
(A3 +
(Azp +
(Azz +
(Azq +
(Azs +
(Aze +
(Az7 +
(Azg +
(Azg +
(Ayo +
(Ag +
(Agp +
(Ayz +
(Ayq +
(Ays +
(Age +
(Ag7 +
(Agg +
(Agg +
(A50 +
(451 +
(Asz +
(As3 +
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(As4 +
(As5 +
(Ase +
(A57 +
(A58 +
(A59 +
(Ago +
(Ag1 +
(Agy +
Ag3))I))IINININMINMID

Ay + Ag + A3 + Ay + A5 + Ag + Ar + Ag + Ag + Ayg + Ay +
Apg + Az + Ay + Ays + A + Arr + Aig + Agg + Agg +

A21 + A22 + A23 + A24 + A25 + Agﬁ + A27 + A28 + A29 +

Azo + Azp + Ago + Azz + Azq + Ags + Azg + Azr + Azg +

Azg + Ago + Ay + Ayp + Ayg + Agq + Ays + Ays + Ayr +

Aug + Agg + Aso + A5y + Asg + Asz + Asy + Ass + Ase +

As7 + Asg + Asg + Ago + Agt + Asz + Ag3)

[ALL_DISTINCT_RV_def]

F ALL_DISTINCT_RV [Ag; Ai; Aox; As; As; As; Ag; A7y Ag; Aol p t —

ALL_DISTINCT

[DFT_event p Ag t; DFT_event p Ay t;

DFT_event p (D_AND A, (D_BEFORE Az A3)) t;

DFT_event p (D_AND Ay, A,) t; DFT_event p (D_AND As; Ag) t;
DFT_event p (D_AND (D_AND A; Ag) Ag) t1 A

rv_gtO_ninfinity
Vs.
ALL_DISTINCT

[Ao; Ay; Az; Asz; As; As; Ag; Ar; Ag; Aol A

(MAP ()\a a S) [Ao; Al; A2; Ag; A4; A5; AG; A7; Ag; Ag])

[ALL_DISTINCT_RV_ind]

FVP.

(VA() Al A2 A3 A4 A5 A6 A7 Ag Ag p t.

P [Ag; Ar; As; Az; Ayg; Asy Ae; Ar; Ag; Aol p 1) A
(Vovg. P [1 (FST vg) (SND w4)) A
(Vv; vg. P [v7] (FST wg) (SND 2g)) A

(Vﬂlz V11 V13-

Vuis vir vis
(Vwas w24 w23
P [vss;
(Vw33 w32 w31
P [’033;
(Vg2 va1 va0
P [vs2;
(Vus2 vs1 ws0
P [vs2;

P [vi9; wvi1] (FST wv13) (SND w13)) A

vig. P [vig; vir; vigl (FST wig) (SND w19)) A
Voo V26 -

Voa; ag; aal (FST wag) (SND wag)) A

V30 V29 U34-.

v32; U31; v30; Uagl (FST w34) (SND w3yg)) A

U39 U3sg U37 V43 .

U413 Va0 v39; U3s; v3r] (FST wg3) (SND wy3)) A
V49 Va8 V47 U4 Us3 .

Us1; Uso; V4o; Uag; U4r; Usel (FST ws3)

(SND ws3)) A

(V3 Us2 e1
P [ues;

V6o Us9 Usg Us7 Use Ue4 -
Us2; Usl; Us0; Usg; Usg; Ust; Usgl (FST ga)
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(SND vg4)) A
(Vurs vra vr3 Ur2 V71 Vro Ueo Ves Ut Ure -
P [vrs; vras vrs; Vr2s Ur1s Uros Veos Uess Verl
(FST wv7¢) (SND w76)) A

(Vuga v91 9o Usy Uss Uy e Uss Usd U3 U7g Uy V93 .
P

(1}922:U91:11)90:21)89:21}882:’11872:1)86::1}85221)84::
g3 1 U791 :Ug0) (FST wg3) (SND w93)) =
Vv v vo. P v v o
[AND_OR_ID_LEFT]
VYA B. D.AND A (DOR A B) = A

[BIGINTER_10_sets]
F Va1 23 74 75 T6 U7 T3 To Ti0-
BIGINTER {x1; 22; 235 T1; Tp; Tes L3 485 To; Tio) =
.’171ﬁl‘gﬁ$3ﬂ$4m$5m$6ﬂ$7ﬂ$gﬁl’9ﬁ$10
[BIGINTER_3_sets]
F Vz y z. BIGINTER {z; y; 2} =2 Ny Nz

[BIGINTER_4_sets
F Vay 25 a3 24. BIGINTER {z1; Zp; 23; @a} = @1 N 22 N 23 N 24

[BIGINTER_S_sets}
F VIl To T3 Ty Ts.

BIGINTER {z1; @2; 23; @43 Ts} = @1 N a2 N 23 N 24 N 5
[BIGINTER_6_sets]

F Vo o 23 74 75 T6-
BIGINTER {Z‘l; X2; X35 Tp; T, ZEG} =
T N2 N a3 N x4 N 25 N Ty

[BIGINTER_7_sets]

F Vo o 23 14 75 16 T7.
BIGINTER {z1; @2; 23; Z4; T5; Zg; Ty} =
Ty N xe N axz N xg N as N xg M 27

[BIGINTER_8_sets]

F Vo a0 23 14 75 T T7r Ts-
BIGINTER {z1; @2; 23; %43 T5; Zg; Ty; I8} =
T N o N a3 Naxy Naxs Nz N 27 N IR

[BIGINTER_9_sets]

F Va2 o0 23 24 T5 X6 T7 T X9-
BIGINTER {x1; 22; 235 Ta; T5; Tes T3 Is; Lo =
T N o Nxy N xy Naxg N Tg N 27 N 28 N T
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[CAS_PROB]
- VCS SS MA MS MB P B PA PB PS p t f_MA.

0 <t A prob_space p A

ALL_DISTINCT_RV [CS; SS; MA; MS; MB; P; B; PA; PB; PS] p

t A

indep_vars_sets [CS; SS; MA; MS; MB; P; B; PA; PB; PS] p
t A distributed p lborel (As. real (MA s)) f_MA A
Vy. 0 < f_MA y) A cont_CDF p (As. real (MS s)) A

measurable_CDF p (As. real (MS s)) =
(prob p
(DFT_event p
(D_OR
(D_OR

(D_AND (shared_spare PA PB PS PS)
(shared_spare PB PA PS PS))
(D_OR (P_AND MS MA) (HSP MA MB)))

(HSP (FDEP (D_OR CS SS) P) (FDEP (D_OR CS SS) B)))

t) =

CDF p (As. real (CS s)) t + CDF p (As.

pos_fn_integral lborel

\y.

f_MA y x

(indicator_fn {u | 0 < u A u <

CDF p (As. real (MS s)) y)) +
CDF p (As. real (MA s)) t x CDF p (As. real (MB s)) t +
CDF p (As. real (P s)) t x CDF p (As. real (B s)) t +
CDF p (As. real (PA s)) t x CDF p (As.
CDF p (As. real (PS s)) t -
CDF p (\s. real (CS s)) t CDF p (As.

X
CDF p (As. real (CS s)) t X
pos_fn_integral lborel

\y.

f_MA y x

(indicator_fn {u | 0 < u A u <

CDF p (As. real (MS s)) y)) -
CDF p (As. real (CS s)) t x CDF p (As.
CDF p (As. real (MB s)) t -
CDF p (As. real (CS s)) t x CDF p (As.
CDF p (As. real (B s)) t -
CDF p (As. real (CS s)) t x CDF p (As.
CDF p (As. real (PB s)) t x CDF p (As.

CDF p (As. real (SS s)) t x
pos_fn_integral lborel
\y.
f_MA y x
(indicator_fn {u | 0 < u A u <
CDF p (As. real (MS s)) y)) -

CDF p (As. real (S5 s)) t x CDF p (As.

CDF p (As. real (MB s)) t -

real (SS s)) t +

t} y x

real (PB s)) t X

real (SS s)) t -

t} y x
real (MA s)) t x
real (P s)) t X

real (PA s)) t x
real (PS s)) t -

t} y x

real (MA s)) t x

10
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CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.

real
real
real
real

(SS s)) t x CDF p (As. real (P s)) t X
(B s)) t -

(85 s)) t x CDF p (As. real (PA s)) t x
(PB s)) t x CDF p (As. real (PS s)) t -

pos_fn_integral lborel

\y.

My.

My.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
pos_

My.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
pos_

Ay.

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t -

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (P s)) t x CDF p (As. real (B s)) t -
pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X
CDF p (\s. real (MS s)) y)) X

real
real
real
real
real
real
real
real
real
real
real

(PA s)) t x CDF p (As. real (PB 8)) t X
(PS s)) t -

(MA s)) t x CDF p (As. real (MB s)) t x
(P s)) t x CDF p (As. real (B s)) t -
(MA s)) t x CDF p (As. real (MB s)) t x
(PA s)) t x CDF p (As. real (PB 8)) t X
(PS s)) t -

(P s)) t x CDF p (As. real (B s)) t x
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t +

(CS s)) t x CDF p (As. real (SS 8)) t X

fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (As. real (MS s)) y)) +

real
real
real
real
real
real
real
real

(CS s)) t X CDF p (As. real (SS 8)) t X
(MA s)) t x CDF p (As. real (MB s)) t +
(CS s)) t x CDF p (As. real (8§ s)) t X
(P s)) t x CDF p (As. real (B s)) t +
(CS s)) t x CDF p (As. real (SS s)) t X
(PA s)) t x CDF p (As. real (PB 8)) t X
(PS s)) t +

(CS s)) t x

fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A uw < t} y X

11
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\y.

\y.

CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
pos_

\y.

M\y.

\y.

CDF p (As. real (MS s)) y)) X
CDF p (As. real (MB s)) t +

CDF p (As. real (CS s)) t X
pos_fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (P s)) t x CDF p (As. real (B s)) t +
CDF p (As. real (CS s)) t x

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A w < t} y X
CDF p (As. real (MS s)) y)) X

real
real
real
real
real
real
real
real
real
real
real
real

(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t +

(CS s)) t x CDF p (As. real (MA s)) t x
(MB s)) t x CDF p (As. real (P s)) t X
(B s)) t+

(CS s)) t x CDF p (As. real (MA s)) t X
(MB s)) t x CDF p (As. real (PA s)) t x
(PB s)) t x CDF p (As. real (PS s)) t +
(CS s)) t x CDF p (As. real (P s)) t x
(B s)) t Xx CDF p (As. real (PA s)) t x
(PB s)) t x CDF p (As. real (PS s)) t +
(8§ s)) t x

fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t +

CDF p (As. real (SS s)) t X

pos_fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (P s)) t x CDF p (As. real (B s)) t +
CDF p (As. real (SS s)) t x

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (PA s)) t x CDF p (As. real (PB s)) t X
CDF p (As. real (PS s)) t +

CDF p (As. real (SS s)) t x CDF p (As. real (MA s)) t x

12
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CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t +
CDF p (As. real (SS s)) t x CDF p (As. real (MA s)) t x
CDF p (As. real (MB s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
CDF p (As. real (SS s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t x CDF p (As. real (PA s)) t x
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
pos_fn_integral lborel

\y.

y.

My.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
pos_

\y.

My.

f_MA y X

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t +

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X
CDF p (As. real (MS s)) y)) X

real
real
real
real
real
real
real
real

(P s)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t +

(MA s)) t x CDF p (As. real (MB s)) t x
(P s)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB 8)) t X
(PS s)) t -

(CS 8)) t x CDF p (As. real (SS s)) t x

fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t -

CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t X
pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < ¢t} y X

CDF p (\s. real (MS s)) y)) X

CDF p (As. real (P s)) t x CDF p (As. real (B s)) t -
CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t X
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pos_fn_integral lborel

A\y.

CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
pos_

\y.

\y.

\y.

CDF p (As.
CDF p (As.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
pos_£f

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (\s. real (MS s)) y)) X

real
real
real
real
real
real
real
real
real
real
real
real
real
real

(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t -

(CS s)) t x CDF p (As. real (5SS s)) t X
(MA s)) t x CDF p (As. real (MB s)) t x
(P s)) t x CDF p (As. real (B s)) t -
(CS 8)) t x CDF p (As. real (SS s)) t x
(MA s)) t x CDF p (As. real (MB s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t -

(CS s)) t x CDF p (As. real (8§ s)) t x
(P s)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t -

(CS s)) t x

fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t X CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t -

CDF p (As. real (CS s)) t X

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t -
CDF p (As. real (CS s)) t x

pos_fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A u < t} y X
CDF p (As. real (MS s)) y)) X

real
real
real
real
real
real
real
real

(P 8)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS $)) t -

(CS 8)) t x CDF p (As. real (MA s)) t x
(MB s)) t x CDF p (As. real (P s)) t X
(B s)) t x CDF p (As. real (PA s)) t x
(PB s)) t x CDF p (As. real (PS s)) t -
(5§ s)) t x

n_integral lborel
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My.

Ay.

CDF p (As. real (MB s)) t x CDF p (As. real (PA s)) t X

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (\s. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t -

CDF p (As. real (SS s)) t X

pos_fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (As. real (MS s)) y)) X

CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t -
CDF p (As. real (5SS s)) t X
pos_fn_integral lborel

y.

CDF p (\s.
CDF p (\s.
CDF p (\s.
CDF p (As.
CDF p (As.
CDF p (As.
CDF p (\s.
pos_

My.

\y.

Ay.

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X
CDF p (As. real (MS s)) y)) X

real
real
real
real
real
real
real

(P s)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB 8)) t X
(PS s)) t -

(SS s)) t x CDF p (As. real (MA s)) t x
(MB s)) t x CDF p (As. real (P s)) t X
(B s)) t X CDF p (As. real (PA s)) t x
(PB s)) t x CDF p (As. real (PS s)) t -

fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t x CDF p (As. real (PA s)) t x

CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t X
pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t +

CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t X
pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X
CDF p (\s. real (MS s)) y)) X
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CDF p (As. real (MB s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t x
pos_fn_integral lborel

\y.

CDF
CDF
CDF
CDF
CDF
CDF
CDF
CDF
CDF
pos_

\y.

\y.

\y.

SIS TS T S B S TS S RS

p

f_MA y x

(indicator_fn {u | 0 < u A u < t} y X
CDF p (As. real (MS s)) y)) X

(\s.
(\s.
(\s.
(\s.
(\s.
(\s.
\s.
\s.
(\s.

real
real
real
real
real
real
real
real
real

(P s)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t +

(CS 8)) t x CDF p (As. real (S5 s)) t x
(MA s)) t x CDF p (As. real (MB s)) t X
(P 8)) t x CDF p (As. real (B s)) t X
(PA s)) t x CDF p (As. real (PB s)) t X
(PS s)) t +

(CS s)) t x

fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A uw < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t x CDF p (As. real (PA s)) t x

CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t +
CDF p (As. real (5SS s)) t X

pos_fn_integral lborel

f_MA y x

(indicator_fn {u | 0 < u A w < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t x CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t -
CDF p (As. real (CS s)) t x CDF p (As. real (5SS s)) t x
pos_fn_integral lborel

f_MA y X

(indicator_fn {u | 0 < u A u < t} y X

CDF p (As. real (MS s)) y)) X

CDF p (As. real (MB s)) t X CDF p (As. real (P s)) t X
CDF p (As. real (B s)) t x CDF p (As. real (PA s)) t X
CDF p (As. real (PB s)) t x CDF p (As. real (PS s)) t)

[CAS_UNION_LIST]
- VYPA PB PS MS MA MB CS S§ P B p t.

DFT_event p
(D_OR

(D_OR

16
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(D_OR
(D_OR (D_OR CS SS) (D_AND MA (D_BEFORE MS MA)))
(D_AND MA MB)) (D_AND P B))
(D_AND (D_AND PA PB) PS)) t =
union_list

[DFT_event p CS t; DFT_event p SS t;

DFT_event p (D_AND MA (D_BEFORE MS MA)) t;

DFT_event p (D_AND MA MB) t;

DFT_event p (D_AND P B) t;

DFT_event p (D_AND (D_AND PA PB) PS) t]

[disjoint_and_before_inter_event]

VYA B C pt.

DISJOINT
B s < Normal t} N DFT_event p C t)
PosInf < Normal ¢} N DFT_event p C t)

> >

[event_and_before_union]

FVYABC pt.
DFT_event p (D_AND B (D_BEFORE A B)) t N DFT_event p
{s | As < B s AN B s < Normal t} N DFT_event p C ¢
{s | B s < A s A PosInf < Normal ¢t} N DFT_event p C

Cct=
U
t

[event_before_union_event|

FYABCpt.
DFT_event p (D_BEFORE A B) t N DFT_event p C ¢ =
{s | As < BsANAs < Normal ¢t} N DFT_event p C t U
{s | B s < A s A PosInf < Normal t} N DFT_event p C ¢

[EVENTS_INTER_3]

- VAl AQ A3 p.
prob_space p A A} € events p A Ay € events p A
A3 € events p =
A1 N Ay N A3 € events p

[EVENTS_INTER_4]

- VAl A2 A3 A4 p.
prob_space p A A} € events p A Ay € events p A
A3 € events p A Ay € events p =
A1 N Ay N A3 N Ay € events p

[EVENTS_INTER_5]

= VAl A2 A3 A4 A5 p.
prob_space p A A} € events p A Ay € events p A
A3 € events p A A4 € events p A As € events p =
Ay N Ay N A3 N Ay N As € events p

17
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[EVENTS_INTER_6]
F VAl A2 A3 A4 A5 Ag p.

prob_space p A A; € events p A Ay € events p A

As € events p A Ay € events p A A5 € events p A
Ag € events p =
Ay N Ay N A3 N Ay N As N Ag € events p

[extreal_add_sub_2_var]

FVYz y.
x # PosInf A y # PosInf A z # NegInf A y # Neglnf =
x - y # PosInf A x - y # NegInf A -z - y # PosInf A

-z - y # NegInf A -z + -y # PosInf A -z + -y # Neglnf

[extreal_add_sub_63]

F VA A

Aig
Asz
Ay
Ago
Ay

As

As

Az

Ag

An
Agg
Ay
Ais
A7
A
Az
Ay
Aas
Aoy
Agg
Agg
Agg
Aagg
Az
Azo
A3y
Ass
Asr
Asg
Ay
Ap
Ays
Ayy

A3 A4 AS AG A7 AS AQ AlO All A12 A13 A14 A15 A16 A17

Arg Ayg Aoy
Asz Aszy Ass
Ay7 Agg Asg

Ago Aoz Aoy Aoy Aosg Az7 Azg Asg
Asg Asgy Asg Asg Aso Ag1 Ase Aus
Aso Asy Asy Asz Asy Ass Asg Asy

Ag1 Agz Ass-

# PosInf
=# PosInf
# PosInf
# PosInf
# PosInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
# NegInf

>

> > > >

>>>>>>>>>>>>>>>>>>>>>> > >

PosInf

Al 7& NegInf A A2
Az # NegInf A Ay
As # NegInf A Ag
A7 # NegInf A Ag
Ag # Neglnf
A11 # NegInf AN A12
Ay3 # PosInf A Aig
A14 # NegInf A A15
A16 7& PosInf A A16
A17 ;é NegInf A\ A18
Alg 7& PosInf A A19
AQ(] 7é NegInf A A21
Ago # PosInf A Aogs
A23 7& NegInf AN A24
A25 7& PosInf A A25
A25 7& NegInf A\ A26
Aoz # PosInf A Aoy
Agg # NegInf A Agg
A30 # PosInf A A30
A31 7& NegInf A A32
A33 7& PosInf A A33
A34 # NegInf N A35
Az # PosInf A Agg
A37 # NegInf A A38
A39 7& PosInf A A39
A40 # NegInf A A41
A42 7& PosInf A A42
Aus 75 NegInf A Ayy
+ A

Ays

Ays

BN N N [N N N N N N 1N N N N 1 L N N 1 N N N N N N N

PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf
PosInf
NegInf

# PosInf A Ao
# PosInf A Ay
# PosInf A Ag
# PosInf A Ag
A Ajp # PosInf A Ajg # NegInf A

>>>>>>>>>>>>>>>>>>>>>> > >

Asg Az
Ags Ays
Asg Asg

# NegInf A
# NegInf A
# NegInf A
# NegInf A
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Ayg # PosInf
Ay7 # Neglnf
A49 # PosInf
Asg # Neglnf
Asy # PosInf
Ass # Neglnf
Ass # PosInf
Ase # NegInf
Asg # PosInf
As9 # NegInf
A61 7é PosInf
Aga # Neglnf

-Ai + -Ap

Age
Ayg
Ay
As1
Asz
Asy

Asr
Assg
Ago
Ag1
Ag3

>>>>>>>>>>> >

+ -A3

# NegInf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
Agss # Neglnf
# PosInf
# NegInf
# PosInf
# NegInf
# PosInf
(A1 + Ay + A3 + Ay + A5 + Ag + -A7 + -Ag +
+ =Ay + —As + —Ag + mAr + —Ag
“Ayg + —Ayg + Ay + Agy + Aoz + Aoy + Ags + Apg + Agr +

>>>>>>>>>> > >

Agr
Ayg
Aso
As1
Ass
Asy

Asg
Ago
Ag2
Ag3

# Pos

# NegInf

# Pos

# NegInf

#+ Pos

# NegInf
Asg # PosInf
As7 # NeglInf

#+ Pos

# NegInf

#+ Pos

Inf

Inf

Inf

Inf

>>>>>>>>> > >

Inf

# NegInf =

—Ag + Ay +

Agg + Agg + Azg + Az + Azp + Az + Agy + Ags + Age +
Az + Asg + Aszg + Ago + Ay + —Ayo + —Ayz + —Ayg +

“Ays + -Aye + —Ayr + —Aug + —Aug + -Aso + —As + —Asp +

—A53 + —A54 + —A55 + _A56 + A57 + A58 +

Ag1 + Aga +

~Agy =

A1+A2+A3+A4+A5

Ap - Az -
Ay + Agy +
Azg + Az
Azg + Ago
Ayg - Agg -
Asr + Asg +

+
+

[extreal_sub_sub]

F VY y.

Ay -
Agz +
A32 +
Ay -
Aso -
Asg +

Ais
Ay
Ass
Ao
As1
Ago

+
+

+

z # PosInf A z # Neglnf
(cz + -y = -z -y

[HCAS]

+ A@ - A7 - Ag
Aig - Air - Asg

Ags +
A34 +
Auz -
Ase -
Agy +

Agg
Ass
Ay
Ass
Ag2

+ Aoy
+ A36
- Ays
- Asy
- Ag3)

A59 +

A60 +

- A9 - Ay - A -
- A - Ay -

+ Aog
+ A37
- Ay
- Ass

+ Agg
+ Agg
- Ay
- Ase

A y # PosInf A y # Neglnf

FYPA PB PS MS MA MB CS SS P B.

(Vs. ALL_DISTINCT [MA s; MS s; PA s; PB s; PS s]) =

(D_OR
(D_OR

(D_AND (shared_spare PA PB PS PS)
(shared_spare PB PA PS PS))
(D_OR (P_AND MS MA) (HSP MA MB)))

(HSP (FDEP (D_OR CS SS) P) (FDEP (D_OR CS SS) B)) =

D_OR
(D_OR

(D_OR (D_OR CS§ SS)

+
+

+

(D_OR (P_AND MS MA) (D_AND MA MB))) (D_AND P B))
(D_AND (D_AND PA PB) PS))
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[HCAS_final]

FVPA PB PS MS MA MB CS SS P B.
(Vs. ALL_DISTINCT [MA s; MS s; PA s; PB s; PS s]) =
(D_OR
(D_OR
(D_AND (shared_spare PA PB PS PS)
(shared_spare PB PA PS PS))
(D_OR (P_AND MS MA) (HSP MA MB)))
(HSP (FDEP (D_OR CS SS) P) (FDEP (D_OR CS SS) B)) =
D_OR
(D_OR
(D_OR (D_OR CS§ SS)
(D_OR (D_AND MA (D_BEFORE MS MA)) (D_AND MA MB)))
(D_AND P B)) (D_AND (D_AND PA PB) PS))

[HCAS_final_2]

FVPA PB PS MS MA MB CS SS P B.
(Vs. ALL_DISTINCT [MA s; MS s; PA s; PB s; PS s]) =
(D_OR
(D_OR
(D_AND (shared_spare PA PB PS PS)
(shared_spare PB PA PS PS))
(D_OR (P_AND MS MA) (HSP MA MB)))
(HSP (FDEP (D_OR CS SS) P) (FDEP (D_OR CS SS) B)) =
D_OR
(D_OR
(D_OR
(D_OR (D_OR CS SS) (D_AND MA (D_BEFORE MS MA)))
(D_AND MA MB)) (D_AND P B))
(D_AND (D_AND PA PB) PS))

[hot_shared_spare]

FYA B C_a C_d.
(Vs. ALL_DISTINCT [A s; B s; C_a s1) A (C_a = C_d) =
(D_AND (shared_spare A B (C_a C_d)
(shared_spare B A C_a C_d) =
D_AND (D_AND A B) C_a)

[IN_REST]
FVz s. 2 € REST s <= 1z € s A © # CHOICE s

[IN_UNIONL]
F VIl wv. v € UNIONL [ < ds. MEM s [ A v € s

[indep_vars_indep_var_MA_MS]
FvCS 8§ MA MS MB P B PA PB PS_a p.

indep_vars_10 p lborel CS SS MA MS MB P B PA PB PS_a =
indep_var p lborel MS lborel MA
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[indep_vars_sets_def]

b indep_vars_sets [Ag; Ai1; As; As; Ag; As; Ae; A7y Asg; Aol pt —
indep_vars_10 p lborel (As. real (A4 s)) (As. real (A; s))
(As. real (As s)) (As. real (As s)) (As. real (A4 s))
(As. real (A5 s)) (As. real (Ag s)) (As. real (A7 s))
(As. real (Ag s)) (As. real (Ag s)) A
indep_sets p
(\i.
{if 7 = 0 then
PREIMAGE (As. real (4g s)) {u | uw < ¢t} N p_space p
else if i = 1 then
PREIMAGE (As. real (47 s)) {u | uw < t} N p_space p
else if i = 2 then
PREIMAGE (As. (real (Asz s),real (A s)))
{(u,w) | w <wAO0O<wAw<t} N p_space p
else if i = 3 then
PREIMAGE (\s. real (A4 s)) {u |
else if i = 4 then
PREIMAGE (As. real (45 s)) {u |
else if ¢ = 5 then
PREIMAGE (As. real (Ag $)) {u | u
else if i = 6 then
PREIMAGE (As. real (47 s)) {u | u
else if ¢ = 7 then
PREIMAGE (As. real (4g s)) {u | u
else
PREIMAGE (As. real (49 s)) {u | uw < t} N p_space p})
{0; 1; 2; 3; 4; 5; 6; 7; 8}

< t} N p_space p

<

IS
IN

t} N p_space p

IN

t} N p_space p

IN

t} N p_space p

IN

t} N p_space p

[indep_vars_sets_ind]

FVYP.
(VAO A1 A2 A3 A4 A5 AG A7 Ag Ag P t.
P [Ag; Ar; Az As; Ag; As; As; Ar; Ag; Agl p ) A
(Vug. P [1 (FST vg) (SND vg)) A
(Vvr vg. P [vy] (FST wg) (SND 2g)) A
(V’Ulg V11 V13- P [’U12; ’U11] (FST Ulg) (SND 1}13)) A
(Vuig vir vie vig. P [vig; vir; viel (FST vig) (SND w19)) A
(Vg5 w24 23 Uoo Uzg-
P [wes; w45 vog; w22l (FST wog) (SND w6)) A
(Vg3 w32 131 130 W29 V34
P [’U33; V325 U31; U30; U29] (FST U34) (SND ’()34)) A
(Vvia v41 va0 v39 v3g V37 Us3.
P [vs2; va1; va0; vsg; v3g; vsrl (FST wy3) (SND wy3)) A
(Vus2 Us1 Uso V49 Uss Var Use Us3-
P [usa; vs1; Uso; vag; vag; var; Usel (FST wvs3)
(SND w53)) A
(Vves ve2 V61 Voo VUs9 Uss Ust Use Ugd -
P [ve3; Us2; Us1; Uso; Usg; Ussg; Ust; Usel (FST wes)
(S8ND ws4)) A
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(Vurs vra w73 Ur2 V71 Vro Uso Ves Usr U6 -
P [vrs; vra; vr3; Ur2; Uris Uros Ueos Uess Uetl
(FST w76) (SND w76)) A
(Vg2 w91 9o sy Uss Usy Use Uss Us4 U3 Urg U0 V93 -
P
(Ugg:1’091:21)9022’089221)882:1)872:2186211)85::’084:2
Ug3: U9 i 1 vg0) (FST wy3) (SND w93)) =
Vv vy v9. P v v vy

[lemma_add_1]

bV Asy Ass Asg Aso Ae1r As2 A3 -
As7 # PosInf A Agy # NegInf A Azg # PosInf A
Ass # NegInf A Agg # PosInf A Asg # NegInf A
Agg # PosInf A Agg # NegInf A Ag; # PosInf A
Ae1 # NegInf A Agz # PosInf A Agz # NegInf A
A63 7£ PosInf A A63 # NegInf =
(As7 + Asg + Asg + Ao + Ag1 + Ao + —Agz =
As7 + Asg + Asg + Ago + Aer + As2 - Ag3)

[neg_sub]

F Ve y.
x # NegInf A z # PosInf V y # NegInf A y # PosInf =

-z -y) =y -z
[normal_real_mul_10]

F Vo a0 23 T4 T5 Tg Ty X8 X9 T10-

21 # PosInf A x; # NegInf A zp # PosInf A a5 # Neglnf A
23 # PosInf A a3 # NegInf A x4 # PosInf A x4 # Neglnf A
x5 # PosInf A x5 # NegInf A x5 # PosInf A x5 # NegInf A
v7 # PosInf A x7 # NegInf A xg # PosInf A g # NegInf A
9 # PosInf A xy # Neglnf A x9 # PosInf A x9 # Neglnf =
(Normal

(real 7; X real @y X real a3 X real x4 X real a5 X
real 15 X real a7y X real 2z X real zg X real zy9) =
Normal (real z;) X Normal (real 25) X Normal (real 23) X
Normal (real z4) X Normal (real z;) X Normal (real z5) X
Normal (real wx7;) X Normal (real a3) X Normal (real 29) X

Normal (real mg))

[normal_real_mul_3]

FVYz y z.
x # PosInf A z # NegInf A y # PosInf A y # Neglnf A
z # PosInf A z # Neglnf =
(Normal (real x X real y X real z) =
Normal (real z) x Normal (real y) X Normal (real z))
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[normal_real_mul_4]

- VZL’l To T3 4.
21 # PosInf A x; # NegInf A 2z # PosInf A 2 # Neglnf A
23 # PosInf A x3 # NegInf A x4 # PosInf A a4 # Neglnf =
(Normal (real z; X real zp X real z3 X real my) =
Normal (real z;) X Normal (real 25) X Normal (real 23) X
Normal (real m4))

[normal_real_mul_5]

F Va2 o0 23 24 75.
27 # PosInf A x; # NegInf A zp # PosInf A 25 # Neglnf A
3 # PosInf A x3 # NegInf A x4 # PosInf A xy # Neglnf A
x5 # PosInf A x5 # Neglnf =
(Normal (real z; X real 2o X real z3 X real 74 X real ;) =
Normal (real z;) X Normal (real z3) X Normal (real z3) X
Normal (real z4) X Normal (real m5))

[normal_real_mul_6]

F Vo a2 13 74 5 %6
21 # PosInf A x; # NegInf A ap # PosInf A 2 # Neglnf A
23 # PosInf A a3 # NegInf A z4 # PosInf A x4 # Neglnf A
25 # PosInf A x5 # NegInf A zg # PosInf A 125 # Neglnf =
(Normal
(real 7; X real 1 X real a3 X real x4 X real z5 X
real 1g) =
Normal (real z;) X Normal (real z3) X Normal (real z3) X
Normal (real z4) X Normal (real 25) X Normal (real xg5))

[normal_real_mul_7]

F Vo o 23 14 15 T T7.
27 # PosInf A x; # NegInf A zp # PosInf A a5 # Neglnf A
23 # PosInf A a3 # NegInf A z4 # PosInf A x4 # Neglnf A
25 # PosInf A x5 # NegInf A zg # PosInf A 125 # NegInf A
v7 # PosInf A x7 # Neglnf =
(Normal
(real z; X real zp, X real a3 X real x4 X real z5 X
real 25 X real x7) =
Normal (real x;) X Normal (real zp) X Normal (real z3) X
Normal (real x4) X Normal (real mz5) X Normal (real zg) X
Normal (real a7))

[normal_real_mul_8]

FVa o0 23 24 o5 Tg 7 TR
71 # PosInf A x; # NegInf A a2 # PosInf A ap # Neglnf A
3 # PosInf A x3 # NegInf A x4 # PosInf A x4 # Neglnf A
x5 # PosInf A x5 # NegInf A xg # PosInf A 25 # Neglnf A
x7 # PosInf A x7 # NegInf A ag # PosInf A g # Neglnf =
(Normal
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(real z; X real @3 X real a3 X real a4 X real a5 X
real 1 X real z;y X real 1g) =
Normal (real x;) X Normal (real zp) X Normal (real z3) X
Normal (real x4) X Normal (real z5) X Normal (real zg) X
Normal (real x7;) X Normal (real ag))

[normal_real_mul_9]

E Vo @ 23 24 T5 Tg Ty - Tg.
x1 # PosInf A x; # NegInf A xp # PosInf A ap # Neglnf A
x3 # PosInf A x3 # Neglnf A x4 # PosInf A x4 # Neglnf A
x5 # PosInf A x5 # NegInf A x5 # PosInf A 25 # NegInf A
27 # PosInf A 27 # NegInf A 1z # PosInf A ag # Neglnf A
29 # PosInf A z9 # NegInf =
(Normal
(real z; X real zp X real 23 X real x4 X real z5 X
real 1z X real 2y X real ag X real zy) =
Normal (real z;) X Normal (real z3) X Normal (real z3) X
Normal (real x4) X Normal (real z5) X Normal (real zg) X
Normal (real x7;) X Normal (real zgz) X Normal (real zy))

[OR_AND_ID_LEFT]
VA B. D_OR A (D_AND A B) =

[PIE_lem4_63_prod]

FYf ABCDE k.

ALL_DISTINCT [A; B; C; D; E; k]l A

vVz.
HANSS
{{A}s {B}; {C} {D}; {E}; {k}; {45 B} {4; O}
{A4; D} {A; B} {A; k) {B; C}; {B; D}; {B; E};
{B; k}; {C; D}; {C; E}; {C; k}; {D; E}; {D; k};
{E; k}; {4; B; C}; {A; B; D}; {A; B; E}; {A; B; k};
{A4; C; D}; {A; C; E}; {A; C; k}; {A; D; E};
{A; D; k}; {A; E; k}; {B; C; D}; {B; C; E};

(B; C; k}; {B; D; E}; {B; D; k}; {B; E; k};
(C; D; EY; {C; D; kY; {C; E; k); {D; E; k);
{A; B; C; D}; {A; B; C; E}; {A; B; C; k};
{A; B; D; E}; {A; B; D; k}; {A; B; E; k};
{4; C; D; E}; {A; C; D; k}; {4; C; E; k};
{A; D; F; k}; {B; C; D; E}; {B; C; D; k};
{B; C; E; k}; {B; D; E; k}; {C; D; E; k};
{A; B; C; D; E}; {A; B; C; D; k}; {A; B; C; E; k};
{A; B; D; E; k}; {A; C; D; E; k}; {B; C; D; E; k};
{4; B; C; D; E; k}} =
f = # PosInf) =
(SIGMA f
Al B {Ch {D}; {E}; {k}; {45 B} {4; C}; {45 D}
{A; B} {As kY {B; O} {B; D}; {B; E}; {B; k};
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{A; B; C; D; E; k}}
[POW_DELETE_EMPTY]|
F Vs. POW s DELETE {} = {¢t | t C s At # {}}

[POW_set_2]
F VA As. POW {Ay; Ao} = {{}; {A1}; {A42}; {41 Ax}}

[POW_set_3]

VA Ay As.
POW {Al; AQ; Ag} =
{{} {Ar}; {42} {As}; {A; Ao} {A; As)s {As; Az
{A41; Ag; As}}

[POW_set_4]

FVAB CD.
Pow {A; B; C; D} =
{3 {4} {B) {C}; {D}; {4; B} {A; O} {A; D} {B; Ch;
{B; D}; {C; D}; {A; B; C}; {A; B; D}; {A; C; D};
{B; C; D}; {A4; B; C; D}}

[POW_set_5]

VA BCDE.
POW {A; B; C; D; E} =
{1 {Ah {B}Y; {C}; {D}; {E}; {4; B} {A; CF; {45 D}
{A; E}; {B; C}; {B; D}; {B; E}; {C; D}; {C; E}; {D; E};
{A; B; C}; {A; B; D}; {A; B; E}; {A; C; D}; {A; C; E};
{A; D; E}; {B; C; D}; {B; C; E}; {B; D; E}; {C; D; E};
{4; B; C; D}; {A; B; C; E}; {A; B; D; E}; {A; C; D; E};
{B; C; D; E}; {A; B; C; D; E}}

[POW_set_6]

VYA B CDEk.
pOW {A; B; C; D; E; k} =
{3 {4} (B} {C}; {D}; (£} {k}; {4; B} {4; CF
{A; D}; {A; B}; {A; k) {B; O} {B; D} {B; B} {B; k};
(O Dy; 103 Bl {05 kY (D5 Bl {Ds k) {55 ks

{4; C}; {A; B; D}; {A; B; E}; {A; B; k}; {A; C; D};
{4; E}; {A4; C; k}; {A; D; EY; {A; D; k}; {A; E; k};
{B; C; D}; {B; C; E}; {B; C; k}; {B; D; E}; {B; D; k};
{B; E; k}; {C; D; EY; {C; D; k}; {C; E; k}; {D; E; k};

HH
b
P?P?PF’QQP?P?@QQPU

{4; C; D}; {A; B; C; E}; {A; B; C; k}; {A; B; D; E};
; D; k}y; {A; B; E; k}; {A; C; D; E}; {A; C; D; k};
{4; E; ks {A; Ds E; kY {B; C; D; E}; {B; C; D; k};
{B; E; k}; {B; D; E; k}; {C; D; E; k};
{4; C; D; E}; {A; B; C; D; k}; {A; B; C; E; k};
{4; D; E; k}; {A; C; D; E; k}; {B; C; D; E; k};
C;

D; E; k}}
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[POW_set_6_DELETE_EMPTY]

FVABCDFE@&E.
pow {A; B; C; D; F; k} DELEIE {} =
{{As {B}; { O} {D}; {E}; {k}; {45 B} {A4; C}; {45 D}
{A; E}; {A; k}; {B; C}; {B; D}; {B; E}; {B; k}; {C; D};
{C; E}; {C; k}; {D; E}; {D; k}; {E; k}; {4; B; C};
{A; B; D}; {A; B; E}; {A; B; k}; {A; C; D}; {A; C; E};
{A4; C; k}; {A; D; E}; {A; D; k}; {A; E; k}; {B; C; D};
{B; C; E}; {B; C; k}; {B; D; E}; {B; D; k}; {B; E; k};
;s EY; {C; D; k}; {C; E; k}; {D; E; k};
s C; D}y; {A; B; C; E}; {A; B; C; k) {A; B; D; E};
s Dy k}y; {A; B; E; k}; {A; C; D; E}; {A; C; D; ks
E; k}; {A; Dy E; k}; {B; C; D; E}; {B; C; D; k};

—~—
>
TETRQAAT® S

{B; C; E; k}; {B; D; E; k}; {C; D; E; k};
{4; B; C; D; E}; {4; B; C; D; k}; {A; B; C; E; k};
{4; B; D; E; k}; {A; C; D; E; k}; {B; C; D; E; k};
{A; B; C; D; E; k}}

[PROB_PIE_63]

F VAl A2 A3 A4 A5 A6 p.
ALL_DISTINCT [A;; As; As; Ayg; As; Agl A prob_space p A
Ay € events p A Ay € events p A A3z € events p A
Ay € events p A A € events p A Ag € events p =
(prob p (union_list [Ay; As; Asz; Ayg; As; Agl) =

prob p A; + prob p As + prob p Az + prob p Ay +

prob p As + prob p Ag - prob p (41 N Ay) -

prob p (A; N Az) - prob p (A1 N Ay) - prob p (A1 N As) -
prob p (A1 N Ag) - prob p (Ay N A3) - prob p (As N Ay) -
prob p (A; N As) - prob p (A N Ag) - prob p (A3 N Ay) -
prob p (A3 N As) - prob p (A3 N Ag) - prob p (A4 N As) -
prob p (Ay N Ag) - prob p (A5 N Ag) +

prob p (A3 N Ay N Az) + prob p (A1 N As N Ay) +

prob p (A1 N Ay N As) + prob p (A1 N Ay N Ag) +

prob p (A3 N Az N Ay) + prob p (41 N A3 N As) +

prob p (A; N A3 N Ag) + prob p (A1 N Ay N Ap) +

prob p (A1 N A4 n AG) + prob p (A1 n A5 N A6) +

pI‘Ob P (A2 N Ag M A4) + pI'Ob p (A2 M A3 N A5) +

prob p (A N A3 N Ag) + prob p (A N Ay N Ap) +

prob p (A N Ay N Ag) + prob p (As N As N Ag) +

prob p (A3 N Ay N As) + prob p (A3 N Ay N Ag) +

prob p (A3 N As N Ag) + prob p (A4 N A5 N Ag) -

pI‘Ob P (Al N A2 n A3 n A4) -

prob p (A1 N Ay N A3 N As) -

prob P (Al N A2 N A3 n AG) -

prob p (A3 N Ay N Ay N As) -

prob p (A; N Ay N Ay N Ag) -

prob P (Al N A2 n A5 n Aﬁ) -

prob p (A3 N As N Ay N As) -

prob p (A1 N A3 N Ay N Ag) -
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prob
prob
prob
prob
prob
prob
prob
prob
prob
prob
prob
prob
prob
prob

P (41 N A3 N
p (4 N Ag N
p (A4 N Az N
p (A4 N Az N
p (A3 N Az N
P (A3 N A4 N
p (A3 N Ay N
p (A1 N Ay N
P (41 N 45 N
P (41 N 45 N
P (41 N 45 N
p (4, N Az N
p (A3 N A3 N
p (A1 N Ay N

[PROB_PIE_CAS_63_leml]

FvCS 8§ MA MS MB P B PA PB PS_a p t.

ALL_DISTINCT

[DFT_event
DFT_event
DFT_event
DFT_event
DFT_event

prob_space p
DFT_event p
DFT_event p
DFT_event p (D_AND
DFT_event p
DFT_event p

(prob

SRS TS

(D_AND

(D_AND
(D_AND
p

(union_list

prob
prob
prob
prob
prob
prob
prob

[DFT_event p
DFT_event p
DFT_event p
DFT_event p
DFT_event p
p (DFT_event
p (DFT_event
p (DFT_event
p (DFT_event
p (DFT_event
p (DFT_event

p

CS t; DFT_event p SS t;
(D_AND MA (D_BEFORE MS MA)) t;
(D_AND MA MB) t;

As N Ag) -
As N Ag) -
Ay N As) -
Ag N Ag) -
As N Ag) -
A5 ﬂ AG) -
As N Ag) +
A3 N Ay N Ag) +
As N Ay N Ag) +
As N As N Ag) +
Ag N As N Ag) +
As N As N Ag) +
Ay N A5 N Ag) -
As N Ay N

(D_AND P B) t;

(D_AND (D_AND PA PB) PS_a) t]) =

CS t) + prob p (DFT_event p SS t) +
(D_AND MA (D_BEFORE MS MA)) t) +
(D_AND MA MB) t) +

(D_AND P B) t) +

(D_AND (D_AND PA PB) PS_a) t) -
CS t N DFT_event p SS t) -

p

SIS TS TS B~ |

(DFT_event p CS t N

DFT_event p (D_AND MA (D_BEFORE MS MA)) t) -
prob p (DFT_event p CS ¢ N DFT_event p (D_AND MA MB) t) -
prob p (DFT_event p CS ¢t N DFT_event p (D_AND P B) t) -

prob

p

(DFT_event p CS t N

As N Ag))

CS t; DFT_event p SS t;

(D_AND MA (D_BEFORE MS MA)) t;
(D_AND MA MB) t;
(D_AND P B) t;
(D_AND (D_AND PA PB) PS_a) t1 A
DFT_event p CS t € events p A
SS t € events p A
MA (D_BEFORE MS MA)) t € events p A
MA MB) t € events p A

P B) t € events p A

(D_AND PA PB) PS_a) t € events p =
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DFT_event p (D_AND (D_AND PA PB) PS_a) t) -
prob p

(DFT_event p SS t N

DFT_event p (D_AND MA (D_BEFORE MS MA)) t) -
prob p (DFT_event p SS ¢t N DFT_event p (D_AND MA MB) t) -
prob p (DFT_event p SS ¢t N DFT_event p (D_AND P B) t) -
prob p

(DFT_event p SS t N

DFT_event p (D_AND (D_AND PA PB) PS_a) t) -
prob p

(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N

DFT_event p (D_AND MA MB) t) -
prob p

(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N

DFT_event p (D_AND P B) t) -
prob p

(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N

DFT_event p (D_AND (D_AND PA PB) PS_a) t) -
prob p

(DFT_event p (D_AND MA MB) t N

DFT_event p (D_AND P B) t) -
prob p

(DFT_event p (D_AND MA MB) t N

DFT_event p (D_AND (D_AND PA PB) PS_a) t) -
prob p

(DFT_event p (D_AND P B) t N

DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p

(DFT_event p CS t N DFT_event p SS t N

DFT_event p (D_AND MA (D_BEFORE MS MA)) t) +
prob p

(DFT_event p CS t N DFT_event p SS t N

DFT_event p (D_AND MA MB) t) +
prob p

(DFT_event p CS t N DFT_event p SS t N

DFT_event p (D_AND P B) t) +

prob p
(DFT_event p CS t N DFT_event p SS t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p CS t N
DFT_event p (D_AND MA (D_BEFORE MS MA)) t N

DFT_event p (D_AND MA MB) t) +
prob p
(DFT_event p CS t N
DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND P B) t) +
prob p
(DFT_event p CS t N
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DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p CS t N DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND P B) t) +
prob p
(DFT_event p CS t N DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p CS t N DFT_event p (D_AND P B) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p SS t N
DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND MA MB) t) +
prob p
(DFT_event p SS t N
DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND P B) t) +
prob p
(DFT_event p SS t N
DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p SS t N DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND P B) t) +
prob p
(DFT_event p SS t N DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p SS ¢t N DFT_event p (D_AND P B) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND P B) t) +
prob p
(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p (D_AND MA (D_BEFORE MS MA)) t N
DFT_event p (D_AND P B) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) +
prob p
(DFT_event p (D_AND MA MB) t N
DFT_event p (D_AND P B) t N
DFT_event p (D_AND (D_AND PA PB) PS_a) t) -
prob p
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(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event

prob p

(DFT_event
DFT_event
DFT_event
DFT_event

prob p

(DFT_event

iS]

ST

hS]

SIS

hSES

ARSI S TS| ESES LS TS|

ARSI S TS|

hSERS TS|

"B

CS t N DFT_event p SS t N
(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t) -

CS t N DFT_event p SS t N
(D_AND MA (D_BEFORE MS MA)) t N
(D_AND P B) t) -

CS t N DFT_event p SS t N
(D_AND MA (D_BEFORE MS MA)) t N
(D_AND (D_AND PA PB) PS_a) t) -

CS t N DFT_event p SS t N
(D_AND MA MB) t N
(D_AND P B) t) -

CS t N DFT_event p SS t N
(D_AND MA MB) t N
(D_AND (D_AND PA PB) PS_a) t) -

CS t N DFT_event p SS t N
(D_AND P B) t N
(D_AND (D_AND PA PB) PS_a) t) -

CS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t) -

CS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND (D_AND PA PB) PS_a) t) -

CS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) -

CS t N DFT_event p (D_AND MA MB) t N
(D_AND P B) t N
(D_AND (D_AND PA PB) PS_a) t) -

SStn

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t) -

SS tnN
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DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
DFT_event
prob p
(DFT_event
DFT_event
DFT_event
DFT_event
DFT_event

SIS TS TS B~ | ASTIS S TS| ESES IS TS| ARSI S TS| ARSI S TS| ARSI S TS|

SIS TS TS B~ |

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N
(D_AND (D_AND PA PB) PS_a) t) -

SS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) -

SS t N DFT_event p (D_AND MA MB) ¢t N
(D_AND P B) t N
(D_AND (D_AND PA PB) PS_a) t) -

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) +

CS t N DFT_event p SS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t) +

CS t N DFT_event p SS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND (D_AND PA PB) PS_a) t) +

CS t N DFT_event p SS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) +

CS t N DFT_event p SS t N
(D_AND MA MB) t N

(D_AND P B) ¢t N

(D_AND (D_AND PA PB) PS_a) t) +

CS tnN

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) +

SS t N

(D_AND MA (D_BEFORE MS MA)) t N
(D_AND MA MB) t N

(D_AND P B) t N

(D_AND (D_AND PA PB) PS_a) t) -
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prob p

(DFT_event p
DFT_event p
DFT_event p
DFT_event p
DFT_event p

[prob_prod_10_of_10]

D

D_AND MA MB) t N
D_AND P B) t N
D

_AND (D_AND PA PB) PS_a) t))

FVpMXiiASl8253848556878889810.

ALL_DISTINCT [s1; So; S$3; Sa; S5; Sg; Sr; S8; S9; S10] A

prob_space p A indep_vars p M X i A
{815 s2; 535 su; 855 S6; s7; S5 So; sw) € WA

Vi

1 € {81; §25 S35 S45 S5;5 S65 ST S8 895 810} =

A { € measurable_sets (M 7)) =

(prob p

(PREIMAGE (X 1) (A s1) N p_space p N
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X

prob
prob
prob
prob
prob
prob
prob
prob
prob
prob

hS]

SIS TS TS T S T S T S TS S |

[prob_prod_any_

(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE

2_of_10]

FVp M X u A s t.
s # t N prob_space p
{s; t} C i A

Vi. i € {s; t} = A i € measurable_sets (M 1)) =

(prob p

s2)
53)
84)
55)
86)
s7)
s8)
s9)
810)
(X
(X
(X
(X
(X
(X
(X
(X
(X
(X

(A
(A
(A
(A
(A
(A
(A
(A
(A
51)
52)
53)
54)
85)
86)
57)
58)
59)

52)
53)
54)
85)
86)
s7)
s8)
59)

DO DODDODODDDOD

p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p)

CS t N DFT_event p SS t N
_AND MA (D_BEFORE MS MA)) ¢t N

DDDDDDDD

s10) N p_space p)) =

4
@
(4
(A
(4
(4
4
(A
(4

31)
52)
53)
54)
55)
86)
s7)
s8)
59)

DDDDDDDDD

p_space
p_space
p_space
p_space
p_space
p_space
p_space
p_space
p_space

p) X
p) X
p) X
p) X
p) X
p) X
X
X
X
)

s10) (A s10) N p_space p)

A indep_vars p M X i A

(PREIMAGE (X s) (A s) N p_space p N

(PREIMAGE (X t) (4 ¢) N p_space p)) =
prob p (PREIMAGE (X s) (A s) N p_space p) X
prob p (PREIMAGE (X t¢) (A t) N p_space p))
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[prob_prod_any_2_of_10_set]

FVp ffit Ast.
s # t N prob_space p A indep_sets p ff i A {s; t} C it A
Wi. ie{s; t} = AieffiA
Vi. i € {s; t} = A i € events p) =
(prob p (A s N A t) = prob p (A s) x prob p (A 1))

[prob_prod_any_3_of_10]

FVp M X it Astk.
ALL_DISTINCT [s; t; k]l A prob_space p A
indep_vars p M X @ A {s; t; k} C it A
Vi. i € {s; t; k} = A i € measurable_sets (M i)) =
(prob p
(PREIMAGE (X s) (A s) N p_space p N
(PREIMAGE (X t) (A t) N p_space p) N
(PREIMAGE (X k) (A k) N p_space p)) =
prob p (PREIMAGE (X s) (A s) N p_space p) X
prob p (PREIMAGE (X ¢) (A t) N p_space p) X
prob p (PREIMAGE (X k) (A k) N p_space p))

[prob_prod_any_3_of_10_set]

FVp ff i Astk.
ALL_DISTINCT [s; t; k] A prob_space p A
indep_sets p ff i A {s; t; k} C it A
Vi. i€ {s; t; k} = Ai e ff A
Vi. i € {s; t; k} = A i € events p) =
(prob p (A sNAtN Ak =
prob p (A s) X prob p (A t) X prob p (4 k))

[prob_prod_any_4_of_10]

FVp M X i A sy s3 83 84.
ALL_DISTINCT [s1; s2; S3; S4a] A prob_space p A
indep_vars p M X @ A {s1; S2; S3; sa} C @i A
Vi. i € {s1; S2; 835 sa} = A i € measurable_sets (M i)) =
(prob p
(PREIMAGE (X s1) (A s1) N p_space p N
(PREIMAGE (X s3) (A s2) N p_space p) N
(PREIMAGE (X s3) (A s3) N p_space p) N
(PREIMAGE (X s4) (A s4) N p_space p)) =
prob p (PREIMAGE (X s1) (A s1) N p_space p) X
prob p (PREIMAGE (X s3) (A s2) N p_space p) X
prob p (PREIMAGE (X s3) (A s3) N p_space p) X
prob p (PREIMAGE (X s4) (A s4) N p_space p))

[prob_prod_any_4_of_10_set]

EFVp ff i A sy s 83 84.
ALL_DISTINCT [s1; s2; S3; S4] A prob_space p A
indep_sets p ff it A {s1; s2; S35 saf C @ A
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Vi. i € {s1; $2; 835 sa} = A1 € ff i) A

(Vi. i € {s1; $2; 833 sa} = A i € events p) =
(prob p (A 51 N A ss N AsgnN A sy =

prob p (A s) X prob p (A s) X prob p (A s3) X
prob p (A4 s4))

[prob_prod_any_5_of_10]

I—VpMXiiAsl S§2 83 S4 S5.
ALL_DISTINCT [s1; s2; S3; S43 S5] A prob_space p A
indep_vars p M X @ A {s1; S2; S3; Sa3 S5p C @ A
V1.
i € {s15 S25 S35 Sa; S5} =
A i € measurable_sets (M i)) =
(prob p
(PREIMAGE (X s1) (A4 s1) N p_space p N
(PREIMAGE (X s2) (A s2) N p_space p) N
(PREIMAGE (X s3) (A s3) N p_space p) N
(PREIMAGE (X s4) (A s4) N p_space p) N
(PREIMAGE (X s5) (A s5) N p_space p)) =
prob p (PREIMAGE (X s) (A s1) N p_space p)
prob p (PREIMAGE (X s3) (A s2) N p_space p)
prob p (PREIMAGE (X s3) (A s3) N p_space p)
prob p (PREIMAGE (X s4) (A s4) N p_space p)
prob p (PREIMAGE (X s5) (A s5) N p_space p))

X X X X

rob_prod_any_5_of_10_set
P p y

FVp ff i A sp s2 83 84 85.

ALL_DISTINCT [s1; S2; sS3; S4; Ss]1 A prob_space p A
indep_sets p ff it A {s1; S2; S35 Sa; S5} C @ A
Vi. i € {s1; S2; 833 Sa3 S5 = A i € ff i) A

Vi. i € {s1; s2; S3; Sa3 S5 = A i € events p) =
(prob p (A s N A ss N AsgsNAsgNAsy =
prob p (A s1) X prob p (A s) X prob p (A4 s3) X
prob p (A s4) X prob p (A s5))

[prob_prod_any_6_of_10]

FVp M X 7 A sy S3 83 84 S5 Sg-
ALL_DISTINCT [s1; S2; S3; Sa3 Ss5 S¢] /\ prob_space p A
indep_vars p M X i A {s1; So; S3; Sa3 Ss; Se} C @ A
vVi.
i € {515 S25 S3; S4; S35 S6) =
A i € measurable_sets (M 1)) =
(prob p
(PREIMAGE (X s1) (A s1) N p_space p N
(PREIMAGE (X s$9) (A s2) N p_space p) N
(PREIMAGE (X s3) (A s3) N p_space p) N
(PREIMAGE (X s4) (A s4) N p_space p) N
(PREIMAGE (X s5) (A s5) N p_space p) N
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(PREIMAGE (X sg) (A sg) N p_space p)) =

prob
prob
prob
prob
prob
prob

[prob_prod_any_6_of_10_set]

p

ESERSTRS B S TS|

(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE

(X
(X
(X
(X
(X
(X

s1)
52)
83)
84)
85)
6

FVp ff i A sy s3 83 84 85 Sg.
ALL_DISTINCT [s1; S2; S3;
indep_sets p ff ii A {s1;
Vi. i € {s15 $2; S35 Sa3
Vi. i € {s15 s2; S35 Sa3;

[prob_prod_any_7_of_10]

FVp M X 7 A sy S5 83 84 S5 Sg S7.

(A
(A
4
A4
A
4

843
525
855
855

1)
52)
53)
84)
85)
56)

555
535

N

2O DDOD

p_space
p_space
p_space
p_space
p_space
p_space

hS]
p—
X X X X X

ss] A prob_space p A
S4; 853 %}Qii/\
86}:>Ai€ffl.)/\

ss} = A i € events p) =
(prob p (A s N A ss N AsgNAsyNAss N A sg) =
prob p (A s1) X prob p (A s2) X prob p (A s3) X
prob p (A s4) X prob p (A s5) X prob p (A4 sg))

ALL_DISTINCT [s1; S2; S3; Sa; S5; S¢; S7l A
prob_space p A indep_vars p M X @ A
{s15 s25 835 sa5 S35 s6;3 sr} C @A

Vi.

(prob

p

i € {s1; S2; S3; Sa; Ss; Se;3 STy =
A i € measurable_sets (M 1)) =

(PREIMAGE (X s1) (A s1) N p_space p N
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X
(PREIMAGE (X

prob
prob
prob
prob
prob
prob
prob

p

ASES TS TS S i S|

(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE

52)
53)
54)
85)
s6)
s7)
(X
(X
(X
(X
(X
(X
(X

[prob_prod_any_7_of_10_set]

FVp ff 1 A sp s2 83 84 S5 Sg S7-

(A
(A
(A
(A
(A
(4
81)
82)
83)
54)
55)
86)
87)

82)
83)
84)
85)
S6)
s7)
4
4
A
(A
A
4
A

DD DDDOD

51)
82)
33)
54)
55)
56)
57)

N

DD DDODOD

p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p))

p_space
p_space
p_space
p_space
p_space
p_space
p_space

ALL_DISTINCT [s1; So; S3; S4; S5; Sg; S7l A

prob_space p A indep_sets p ff @ A

{515 s2; 835 s45 853 865 sr} C @i A
Vi. 1 € {81; So; S3; S4; S5; S 87} = A e /f ) A

X X X X X X
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(Vi. i € {s1; $2; 833 S4; 855 S6; sr} = A i € events p) =
(prob p (A s N A ss N AssNAsgNAssNAsgNA S =
prob p (A s) X prob p (A s2) X prob p (A s3) X

prob p (A s4) X prob p (A s5) x prob p (A s5) X

prob p (4 s7))

[prob_prod_any_8_of_10]

FVp M X 7 A sy S 83 84 S5 Sg S7 Sg-
ALL_DISTINCT [s1; So; S3; Sa3 S5; Sg; S7; Ss) A
prob_space p A indep_vars p M X @ A
{s1; s2; 35 S45 S5; Se5 s75 ss) C @ A
Vi.

i € {s1; S2; S3; Sa; S S6; S7; S8 ) =
A i € measurable_sets (M 1)) =
(prob p
(PREIMAGE (X s1) (A s1) N p_space p N

(PREIMAGE (X s2) (A s3) N p_space p) N
(PREIMAGE (X s3) (A s3) N p_space p) N
(PREIMAGE (X s4) (A s4) N p_space p) N
(PREIMAGE (X s5) (A s5) N p_space p) N
(PREIMAGE (X sg) (A sg) N p_space p) N
(PREIMAGE (X s7) (A s7) N p_space p) N
(PREIMAGE (X sg) (A sg) N p_space p)) =

prob p (PREIMAGE (X s1) (A s1) N p_space p) X
prob p (PREIMAGE (X s2) (A s3) N p_space p) X
prob p (PREIMAGE (X s3) (A s3) N p_space p) X
prob p (PREIMAGE (X s4) (A s4) N p_space p) X
prob p (PREIMAGE (X s5) (A s5) N p_space p) X
prob p (PREIMAGE (X ss) (A sg) N p_space p) X
prob p (PREIMAGE (X s7) (A s7) N p_space p) X
prob p (PREIMAGE (X sg) (A sg) N p_space p))

rob_prod_any_8_of_10_set
P p y

FVp ff i A sy s2 S3 84 S5 S S7 Sg-

ALL_DISTINCT [S1; S2; S3; S4; S5; Se; S7; Ss1 A
prob_space p A indep_sets p ff @ A
{s1; s2; 35 Sa5 s5; S5 s75 ss} C @ A
(Vi. i € {s1; S2; 833 Sa3 S5; S63 S73 S8 = A i € ff i) A
vVi.

i € {s1; 525 S3; S45 855 Se; 575 Sg) =

A i € events p) =
(prob p

(A s NAssNAssNAssNAssNAsgNASsS; N A sg) =

prob p (A s1) X prob p (A s2) X prob p (A4 s3) X
prob p (A s4) X prob p (A s5) X prob p (A s5) X
prob p (A s;) x prob p (A s3))

[prob_prod_any_9_of_10]
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FVp M X 7 A sy S S3 84 S5 Sg S Sg S9.

ALL_DISTINCT [s1; S2; S3; S4; S5; S6; S7; S35 Sol A

prob_space p A indep_vars p M X #u A
{s15 825 835 sa5 855 Se; s75 Ss3 Sof C @ A

Vi.

i € {515 S25 533 543 Ss55 S63 S7; S8 So}f =
A i € measurable_sets (M 7)) =

(prob p

(PREIMAGE (X s1) (A s1) N p_space p N

(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
prob
prob
prob
prob
prob
prob
prob
prob
prob

iS]

SIS TS T S T S TS S S |

(X
(X
(X
(X
(X
(X
(X
(X

(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE
(PREIMAGE

52)
83)
54)
s5)
s6)
57)
Sg)
89)
(X
(X
(X
(X
(X
(X
(X
(X
(X

[prob_prod_any_9_of_10_set]

(A
(A
(A
(A
(A
(A
(A
(A
s51)
s52)
83)
84)
85)
s6)
s7)
s8)
89)

52)
83)
54)
85)
56
87)
Sg)
59)
(4
A
(A
(A
(A
(A
(4
4
(A

DI D R RS BD N B

51)
52)
53)
84)
85)
s6)
s7)
58)
59)

FVp ff i A sy S3 83 84 S5 Sg S Sg Sg.
ALL_DISTINCT [s1; S2; S3; S43 S5; Se¢; Sv; S8

prob_space p A indep_sets p ff @ A

N

DD DDODDDOD

p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p)
p_space p))

p_space
p_space
p_space
p_space
p_space
p_space
p_space
p_space
p_space

{515 S2; S35 Sa3 S5; Se3 S7; Ss; So} C @ A

i € {s1; s25 835 S5 S5
A i € events p) =

Vi.
i
A
V.
(prob p

(A810A820A830A
A sg N A s9) =
prob p (A s1) x prob p (A
prob p (A s4) X prob p (A
prob p (A s;) x prob p (A

[PRODUCT_UNION_10]

F Vs So S3 84 S5 S¢ S7 Ss So S0 f-
ALL_DISTINCT [s1; s2; S35 S43

DO DODDODDODDODD

3
p—
X X X X X X X X

S9l A

€ {s1; s2; S3; Sa3 S5; S6; S7; S8 Sof =
)

e ff i) A

S65 S7; S83 Sof =

sg NAssNAssNASsS; N

s2) X prob p (A s3) X
s5) X prob p (A sg) X
sg) X prob p (A s9))

S35 S6; S7; S33 S9; S10d =
(product {s1; S2; S3; Sa3 S55 S63 S7; Ss; So3 Sw) [ =
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f81XfSQXngXfS4><fS5XfSGXfS7><fSS><

f s x f s10)

[PRODUCT_UNION_5

F Vs So 83 84 85 f-
ALL_DISTINCT [s1; So; S3; S4; S51 =
(product {51; S2;5 S35 8435 55} f=
f st X f 8o x fsg X f sy xf 85

[PRODUCT_UNION_6

F Vs $2 83 84 85 S f-
ALL_DISTINCT [s1; So; $3; S4; S5; Sl =
(product {si; S2; S3; Sa; 55 Se) [ =
fost X fsox fs3xfsax [ ss X[ s)

[PRODUCT_UNION_7]

F Vs $2 83 84 85 S s7 f.
ALL_DISTINCT [s1; S2; S3; S43 S5; Sg; S7l =
(product {si; S2; S35 Sa3 Ss;5 S65 Sr} f =
f81XfSQXfS3XfS4XfS5XfSGXfS7)

[PRODUCT_UNION_8]

- Vsl S 83 S4 S5 S S7 S8 f
ALL_DISTINCT [s1; So; S3; Sa; S5; Sg; S7; Ss] =
(product {s1; S2; $3; s4; S55 S6; S75 ssf [ =
f st X fsa x foszg x [ X [fssxfsgxfosr x[f s)

[PRODUCT_UNION_9

- VSl S 83 S84 S5 Sg S7 S8 S9 f
ALL_DISTINCT [s1; So; $3; Sa; S5; Sg; S7; S8; Sol =
(product {si; s2; s3; 543 555 865 S75 S35 So} f =
fsi x f 8o X fsg X fsgxfss X fsgxf s x[fsgXx

[ s9)

[sub_lneg]

F Yz y.
x # NegInf A y # NegInf V x # PosInf A y # PosInf =
(~z -y =-(z + y))
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