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Abstract. Partial Differential Equations (PDEs) are widely used for
modeling the physical phenomena and analyzing the dynamical behav-
ior of many engineering and physical systems. The heat equation is one
of the most well-known PDEs that captures the temperature distribu-
tion and diffusion of heat within a body. Due to the wider utility of
these equations in various safety-critical applications, such as thermal
protection systems, a formal analysis of the heat transfer is of utmost
importance. In this paper, we propose to use higher-order-logic (HOL)
theorem proving for formally analyzing the heat conduction problem in
rectangular coordinates. In particular, we formally model the heat trans-
fer as a one-dimensional heat equation for a rectangular slab using the
multivariable calculus theories of the HOL Light theorem prover. This
requires the formalization of the heat operator and formal verification of
its various properties, such as linearity and scaling. Moreover, we use the
separation of variables method for formally verifying the solution of the
PDEs, which allows modeling the heat transfer in the slab under various
initial and boundary conditions using HOL Light.

Keywords: Heat equation · Partial Differential Equations · Separation
of variables · Higher-order logic · Theorem proving · HOL Light

1 Introduction

Partial Differential Equations (PDEs) [1] are commonly used for the mathe-
matical formulation of the physical behavior of many engineering and physical
systems. They capture the continuous dynamics of a system by providing a math-
ematical relationship between various components of the underlying system by
incorporating changes in their associated properties. Due to these distinguish-
ing features, they are broadly used in analyzing many physical phenomena such
as, heat or sound propagation, electrodynamics, quantum mechanics and fluid
dynamics. For example, they play a pivotal role in the thermal analysis of a sys-
tem by formulating a general heat equation that can be analyzed using various
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
K. Buzzard and T. Kutsia (Eds.): CICM 2022, LNAI 13467, pp. 21–37, 2022.
https://doi.org/10.1007/978-3-031-16681-5_2

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-16681-5_2&domain=pdf
https://doi.org/10.1007/978-3-031-16681-5_2


22 E. Deniz et al.

appropriate boundary and initial conditions [2]. Similarly, this kind of thermal
analysis is a foremost step in the design of many safety-critical applications, such
as aerospace, nuclear power plants and automobile engines.

The phenomenon of heat transfer/propagation can occur by three different
means, namely, heat conduction [2], convection [3], and thermal radiation [4].
Heat conduction or diffusion is the flow of energy in a system/body from the
region of high temperature to the region of low temperature by direct collision
of molecules. Whereas, convection refers to the transfer of the energy due to the
physical movement of a bulk fluid. Thermal radiation is the transfer of energy in
the form of electromagnetic wave. Heat conduction is the most important type of
heat transfer and it is commonly used to analyze problems arising in the design
and operation of industrial appliances, such as heat exchanger and compressors.
The first step for analyzing the heat conduction in a given system/body is to
construct a mathematical model of the dynamics of the system, such as heat dis-
tribution using the heat equation, which is a PDE. These dynamics provide the
variation of the temperature as a function of position/space and time within the
heat conducting system/body. The heat distribution (temperature field) usually
depends on boundary conditions, initial conditions, material properties, and the
geometry of the body. The next step in the heat conduction analysis is to find
the solution of the heat equation modeled in the first step that can be obtained
by determining a temperature distribution that is consistent with the initial and
boundary conditions.

Heat equations are generally analyzed using numerical techniques [5] or ana-
lytical methods [6]. The two most widely used numerical techniques for analyz-
ing PDE based heat equations are Finite Difference [7] and Finite Element [8]
methods. These methods can solve the complex heat conduction problems by
providing the closed-from solutions. However, they involve approximation and
rounding of the associated mathematical expressions and thus cannot ensure
absolute correctness of the results of the associated analysis. Unlike numerical
solutions, the analytical methods for analyzing heat conduction do not involve
any approximation of the associated mathematical expressions and thus are pre-
ferred on numerical methods for ensuring the correctness of the results. Some
commonly used analytical techniques for solving the heat conduction problem
are separation of variables [9] and transform methods [10].

Conventionally, the heat conduction problem has been analyzed using paper-
and-pencil proof and computer based numerical and symbolic methods. However,
the former is human-error prone and it is not well-suited for large systems involv-
ing extensive human manipulation. Moreover, the required assumptions are not
all explicitly mentioned in the analysis, which may lead to inaccurate results.
Similarly, the numerical and symbolic methods are based on approximation of
the mathematical results due to the finite precision of computer arithmetic.
Moreover, the core of the tools involved in the symbolic methods based analysis
has a large number of unverified algorithms that puts a question mark on the
accuracy of the associated analysis. Given, the safety-critical nature of many
systems, these conventional techniques cannot ensure absolute accuracy of the
analysis.
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As an alternative to related methods and tools, in this paper, we propose
to use higher-order-logic theorem proving [11] for formally analyzing the heat
conduction problem in rectangular coordinates and thus overcome the above-
mentioned inaccuracy limitations. In particular, we formally model the heat
equation using the multivariable calculus theories of the HOL Light theorem
prover capturing the heat conduction in the system/body. Next, to formally
analyze the heat equation, we use the separation of variables method [9] to
formally verify the solution of the PDE by incorporating all relevant boundary
and initial conditions. One of the primary reasons for choosing HOL Light for
the proposed work is the availability of rich theories of multivariable calculus,
such as differential, integration, transcendental and real analysis. The HOL Light
codes of our formalization is available at [12].

The remainder of the paper is structured as follows: In Sect. 2, we provide an
overview of related work on differential equations based formal analysis. Section 3
describes some fundamentals of the multivariate analysis libraries of the HOL
Light theorem prover that are necessary for understanding the rest of the paper.
We provide the formalization of the heat equation in rectangular coordinates
in Sect. 4. Section 5 presents the formal verification of the solution of the heat
equation. Finally, Sect. 6 concludes the paper.

2 Related Work

Many higher-order-logic theorem provers, such as HOL Light1, HOL42,
Isabelle/HOL3, Coq4 and Mizar5 have been used for the differential equations
based formal analysis of the engineering and physical systems. For instance, Imm-
ler et al. [13] used Isabelle/HOL for formally verifying the numerical solutions of
Ordinary Differential Equation (ODE). The authors formalized the Initial Value
Problems (IVPs) and formally verified the existence of a unique solution of the
ODE. Moreover, the authors provide an approximation of the solution using
the Euler’s method. Immler et al. [14] presented a formal reasoning support
about the flow of ODEs using Isabelle/HOL. In particular, the authors formally
verified a solution of ODEs incorporating various initial conditions. They also
formalized the Poincaré map and formally verified its differentiability. However,
both these approaches rely on approximating the solutions of differential equa-
tions representing the dynamical behavior of the underlying system. Guan et
al. [15] used the HOL Light theorem prover to formalize the Euler-Lagrange
equation set that is based on Gâutex derivatives. In addition, the authors used
their proposed formalization for formally verifying the least resistance problem
of gas flow. Similarly, Sanwal et al. [16] formally verified the solutions of the
second-order homogeneous linear differential equations using the HOL4 theorem

1 https://www.cl.cam.ac.uk/jrh13/hol-light/.
2 https://hol-theorem-prover.org/.
3 https://isabelle.in.tum.de/.
4 https://coq.inria.fr/.
5 http://www.mizar.org/.

https://www.cl.cam.ac.uk/ jrh13/hol-light/
https://hol-theorem-prover.org/
https://isabelle.in.tum.de/
https://coq.inria.fr/
http://www.mizar.org/
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prover. Moreover, they used their proposed formalization for formally verifying
the damped harmonic oscillator and a second-order op-amp circuit. Rashid et
al. formalized the Laplace [17] and the Fourier [18] transforms using HOL Light
and used these formalization for differential equations based analysis of many
systems, such as automobile suspension system [18], unmanned free-swimming
submersible vehicle [19] and platoon of automated vehicles [20]. However, the
existing formalization of ODEs in HOL4 and HOL Light, respectively, do not
provide the formalization of the solution when dealing with separable linear
partial differential equations.

Boldo et al. [21] utilized the Coq theorem prover for formally verifying the
numerical solution of one-dimensional acoustic wave equation. The authors used
the second-order centered finite difference scheme, commonly known as the three-
point scheme for convergence of the result. Similarly, Boldo et al. [22] mechan-
ically verified the correctness of a C program implementing numerical scheme
for the solution of PDE using both automated and interactive theorem provers.
Despite important contributions, both these works approximate the solution of
acoustic wave equation and did not provide analytical solution. Otsuki et al. [23]
formalized the method of separation of variables and superposition principle and
used it for analyzing a one-dimensional wave equation using the Mizar theorem
prover. However, they did not extend the solution for the infinite series. In the
work we propose in this paper, we provide, for the first time, the formalization
in HOL of the heat equation, in the form of a PDE modeling temperature varia-
tion for a rectangular solid. We conduct the formal verification in HOL Light of
useful properties of the heat equation as well as verify its infinite series solution.

3 Preliminaries

In this section, we provide an overview of some of the fundamental formal defi-
nitions and notations of the multivariate calculus theories of HOL Light that are
necessary for understanding the rest of the paper. The derivative of a real-valued
function is defined in HOL Light as follows:

Definition 1. Real Derivative
� ∀f x. real derivative f x = (@f’. (f has real derivative f’) (atreal x))

The function real derivative accepts a real valued function f that needs to
be differentiated and a real number x, and provides the derivative of f with
respect to x. It is formally represented in functional form using the Hilbert choice
operator @. The function has real derivative expresses the same functionality
in relational style.

Definition 2. Higher Real Derivative
� ∀f x. higher real derivative 0 (f:real→real) (x:real) = f x ∧

(!n. higher real derivative (SUC n) (f:real→real) (x:real) =

(real derivative (λx. higher real derivative n f x) x))



On the Formalization of the Heat Conduction Problem in HOL 25

The HOL Light function higher real derivative accepts an order n of the
derivative, a real-valued function f and a real number x, and provides a higher-
order derivative of order n for the function f with respect to x.

The infinite summation over a function f: N → R is formalized in HOL Light
as follows:

Definition 3. Real Sums
� ∀s f L. real sums (f real sums l) s ⇔

((λn. sum (s INTER (0..n)) f) → l) sequentially

The HOL Light function real sums accepts a set of natural numbers s: N →
bool, a function f: N → R and a limit value l: R, and returns the traditional

mathematical expression
∞∑

k=0

f(k) = L. Here, INTER captures the intersection

of two sets. Similarly, sequentially represents a net providing a sequential
growth of a function f , i.e., f(k), f(k + 1), f(k + 2), ..., etc. This is mainly used
in modeling the concept of an infinite summation.

We provide the formalization of the summability of a function f: N → R over
s : N → bool, which ensures that there exist some limit value l: R, such that
∞∑

k=0

f(k) = L in HOL Light as:

Definition 4. Real Summability
� ∀s f. real summable s f = ∃l. (f real sums l)

Now, we provide a formalization of an infinite summation, which will be used
in the formal analysis of the heat conduction problem in Sect. 5 of the paper.

Definition 5. Real Infsum
� ∀s f. real infsum s f = @l. (f real sums l) s

where the HOL Light function real infsum accepts s: num → bool specifying
the starting point and a function f of data-type N → R, and returns a limit
value l: R to which the infinite summation of f converges from the given s.

An infinite summation of a real-valued function Definition 5 can be mathe-
matically expressed in an alternate form as follows:

∞∑

w=0

fw(x) = lim
N→∞

N∑

w=0

fw(x)

We proved this equivalence in HOL Light as follows:

Theorem 1. Alternate Representation of an Infinite Summation
� ∀f k s. real infsum s (λw. f w x) =

reallim sequentially (λk. sum (s INTER (0..k))(λw. f w x))
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4 Formalization of the Heat Conduction Problem

Heat conduction is a phenomenon of energy transfer that occurs due to dif-
ferences in temperature in adjacent components of a body/system. The heat is
transferred from the high-temperature side to the low-temperature side until the
body reaches its thermal equilibrium. The heat conduction or temperature vari-
ation can be mathematically defined as a function of space and time. Generally,
the heat conduction in a body is three dimensional i.e., the conduction is signifi-
cant in all three dimensions and a temperature variation in a body can be mod-
eled as T = T (x, y, z, t). The heat conduction is said to be two-dimensional when
the conduction is significant in two-dimensions and negligible in the third dimen-
sion. Similarly, it is one-dimensional when the conduction is significant in one-
dimensional only and the temperature variable can be modeled as T = T (x, t).
In this paper, we focus on the formalization of the one-dimensional heat conduc-
tion problem. In particular, we formally model the temperature variation in a
rectangular slab using a PDE as a heat equation and formally verify its analyti-
cal solution by the method of separation of variables based on various boundary
and initial conditions.

4.1 Heat Conduction Problem Formulation

A heat conduction problem for a rectangular slab having a thickness L is depicted
in Fig. 1. We consider it as a one-dimensional heat conduction problem. Here,
the function u(x, t) provides the temperature in the slab at a point x and time
t [24].

Fig. 1. Heat conduction across thickness of a slab [25]

We can mathematically express the one-dimensional heat conduction (tem-
perature variation) in the rectangular slab as follows [25]:

∂u(x, t)
∂t

= c
∂2u(x, t)

∂x2
0 < x < L, t > 0 (1)
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where c is the thermal diffusivity of the slab that depends on the material used
for constructing the slab. Equation (1) can be equivalently written as:

∂u(x, t)
∂t

− c
∂2u(x, t)

∂x2
= 0

Moreover, the solution of the heat equation (Eq. (1)) should satisfy the fol-
lowing initial and boundary conditions.

Initial Condition:
u(x, t) |t=0 = u(x, 0) = f(x) (2)

Boundary Conditions:

u(x, t) |x=0 = u(0, t) = 0 (3)

u(x, t) |x=L = u(L, t) = 0 (4)

The heat equation (Eq. (1)) along with Eqs. (2), (3) and (4) is known as the initial
boundary-value problem. It becomes an initial-value problem with respect to
time that considers the only initial condition represented by Eq. (2). Whereas, in
the case of its dependence on space only, it represents a boundary-value problem
by incorporating the two boundary conditions expressed as Eqs. (3) and (4).
Next, to formally verify the solution of the heat equation, we need to formalize
it in higher-order logic.

4.2 Formalization of the Heat Equation

We formalize the heat equation (Eq. (1)) capturing the one-dimensional heat
conduction in a rectangular slab in HOL Light as follows:

Definition 6. The Heat equation
� heat equation u(x,t) c ⇔ heat operator u(x,t) c = &0

where heat equation accepts a function u of type (R×R → R), a space variable
x: R, a time variable t: R and the thermal diffusivity constant c, and returns
the corresponding heat equation. The function heat operator is formalized as
follows:

Definition 7. Heat operator
� ∀u x t.

heat−operator u(x,t) c = higher real derivative 1 (λt. u(x,t)) t -

c * higher real derivative 2 (λx. u(x,t)) x

Next, we verify a few important properties of the heat operator Definition 7
that are required in formally verifying the solution of the heat equation.
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Theorem 2. Linearity
� ∀u x t a b.

[A1] (∀t. (λt. u(x,t)) real differentiable atreal t) ∧
[A2] (∀t. (λt. v(x,t)) real differentiable atreal t) ∧
[A3] (∀x. (λx. u(x,t)) real differentiable atreal x) ∧
[A4] (∀x. (λx. v(x,t)) real differentiable atreal x) ∧
[A5] (∀x. (λx. real derivative (λx. u(x,t)) x)

real differentiable atreal x) ∧
[A6] (∀x. (λx. real derivative (λx. v(x,t)) x)

real differentiable atreal x)

⇒ (heat operator (λ(x,t). u(x,t) + v(x,t)) (x,t) c =

heat operator (λ(x,t). u(x,t)) (x,t) c +

heat operator (λ(x,t). v(x,t)) (x,t) c)

Assumptions A1 and A2 ensure that the real-valued functions u and v are dif-
ferentiable at t, respectively. Assumptions A3 and A4 assert the differentiability
of the functions u and v at x, respectively. Similarly, Assumptions A5 and A6
provide the differentiability conditions for the derivatives of the functions u and
v at x, respectively. The proof of the above theorem is mainly based on the
properties of derivative and differentiability of real-valued functions.

Theorem 3. Scalar Multiplication
� ∀u x t a.

[A1] (∀t. (λt. u(x,t)) real differentiable atreal t) ∧
[A2] (∀x. (λx. u(x,t)) real differentiable atreal x) ∧
[A3] (∀x. (λx. real derivative (λx. u(x,t)) x)

real differentiable atreal x)

⇒ heat operator (λ(x,t). a * u(x,t)) (x,t) c =

a * heat operator (λ(x,t). u(x,t))(x,t) c

Assumptions A1 and A2 ensure that the real-valued function u is differentiable
at t and x, respectively. Assumption A3 asserts the differentiability condition for
the derivative of the function u.

5 Formal Verification of the Solution of the Heat
Equation

To find out the solution of the boundary-value problem, i.e., heat equation along-
side the boundary conditions Eqs. (1), (3) and (4), we use the method of sep-
aration of variables that reduces the problem of solving a partial differential
equation to a problem of solving the equivalent ordinary differential equations.
By this method, we can mathematically express the solution of the heat equation
u(x, t) as a separable equation as follows:

u(x, t) = X(x)W (t) (5)

where X and W are functions of x and t, respectively. We formalize Eq. (5) in
HOL Light as follows:
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Definition 8. Separable
� ∀X W t x. separable x t X W = X(x) * W(t)

By using Eq. (5) in the heat equation (Eq. (1)) and after simplification, we obtain
the following equation.

1
c

∂[X(x)W (t)]
∂t

=
∂2[X(x)W (t)]

∂x2
(6)

Next, using the property of the partial derivative of a separable function trans-
forms the above equation as follows:

1
c

dW (t)
dt

X(x) = W (t)
d2X(x)

dx2
(7)

where the operator d
dt captures the simple derivative with respect to t. We for-

mally verify the equivalence of the left-hand-sides of Eqs. (6) and (7) as the
following HOL Light theorem.

Theorem 4. Equivalence of Partial and Simple Derivatives (Left-hand Side)
� ∀X x W t.

[A1] (X real differentiable atreal t) ∧
[A2] (W real differentiable atreal t)

⇒ (real derivative (λt. separable x t X W) t) =

real derivative W t * X x

Assumptions A1 and A2 provide the differentiability of the functions X and W at
t, respectively. The proof process of the above theorem is mainly based on the
properties of derivatives and differentiability of the real-valued functions along-
with some arithmetic reasoning. Similarly, we formally verify the equivalence of
the right-hand-sides of Eqs. (6) and (7) as follows:

Theorem 5. Equivalence of Partial and Simple Derivatives (Right-hand Side)
� ∀X x W t.

[A1] (∀x. X real differentiable atreal x) ∧
[A2] (∀x. W real differentiable atreal x) ∧
[A3] (λx. real−derivative X x) real differentiable atreal x

⇒ higher real derivative 2 (λx. (separable x t X W)) x =

W t * higher real derivative 2 (λx. X x) x

Assumptions A1 and A2 are very similar to that of Theorem 4. Assumption A3
ensures that the first-order derivative of the real-valued function X is differen-
tiable at x. The verification of Theorem 5 is similar to that of Theorem 4.

Now, after rearranging various terms, Eq. (7) can be expressed as follows:

1
c

dW (t)
dt

1
W (t)

=
1

X(x)
d2X(x)

dx2
= −β2 (8)
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where the left- and right-hand sides are functions of only t and x, respectively.
The equivalence of these two functions of different variables is only possible
when both are equal to some constant, which is represented by −β2 in the above
equation.

The above equation can be equivalently represented by the following two
ordinary differential equations.

d2X(x)
dx2

+ β2X(x) = 0 (9)

and
dW (t)

dt
+ c.β2W (t) = 0 (10)

Now, our problem of solving a boundary-value problem Eqs. (1), (3) and (4)
has been transformed to solving a set of linear homogenous differential equa-
tions with constant coefficients Eqs. (9) and (10). Moreover, the solution of the
heat equation Eq. (1) can be obtained by multiplying the solution of these two
equations.

The solution of Eq. (9) is mathematically expressed as:

X(x) = Acos(βx) + Bsin(βx) (11)

where A and B are the arbitrary constants that can be computed by applying the
boundary conditions. Similarly, the solution of the second differential equation
Eq. (10) is mathematically described as:

W (t) = Ce−β2ct (12)

where C is the constant of integration and can be computed by applying the
boundary conditions.

We formalize the two differential equations Eqs. (9) and (10) in HOL Light
as follows:

Definition 9. Formalization of Eq. (9)
� ∀X x b. first equation X x b ⇔

higher real derivative 2 (λx. X(x)) x + b pow (2) * (λx. X(x)) x = 0

Definition 10. Formalization of Eq. (10)
� ∀W t b c.

second equation W t b c ⇔
real derivative (λt. W(t)) t + c * b pow (2) * W(t) = 0

Similarly, we formalized the solutions of these differential equations in HOL
Light as:

Definition 11. Solution of First Differential Equation
� ∀A B x b. first equation sol A B x b = A * cos(b * x) + B * sin(b * x)
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Definition 12. Solution of Second Differential Equation
� ∀C c b t.

second equation sol C c b t = C * exp (-c * b pow (2) * t)

Next, we formally verify the solution of the first differential equation Eq. (9) as
the following HOL Light theorem:

Theorem 6. Solution of First Differential Equation
� ∀A B x b.

(first equation (λx. first equation sol A B x b)) x b

The proof process of the above theorem is based on Definitions 9 and 10 and
properties of real derivative alongside some real arithmetic reasoning.

Similarly, we formally verify the solution of the second differential equation
Eq. (10) as follows:

Theorem 7. Solution of Second Differential Equation
� ∀C c b t.

(second equation (λt. second equation sol C c b t))(t) b c

The proof process of the above theorem is based on Definitions 10 and 12 and
properties of real derivative alongside some real arithmetic reasoning.

To find out the values of arbitrary constants A and B of the solution of the
ordinary differential equation expressed as Eq. (11), we apply the corresponding
boundary conditions. Applying the first boundary condition Eq. (3) results into
A = 0. Similarly, the application of the second boundary condition Eq. 4 provides
Bsin(βL) = 0. We formally verify values of these arbitrary constants based on
the corresponding boundary conditions in HOL Light as follows:

Theorem 8. Verification of the Arbitrary Constant A
� ∀A B x b.

x = &0 ∧ first equation sol A B x b = &0

⇒ A = &0

Theorem 9. Verification of the Arbitrary Constant B
� ∀A B x b L.

x = L ∧ A = &0 ∧ first equation sol A B x b = &0

⇒ first equation sol x b A B = B * sin(b * L)

The equation Bsin(βL) = 0 holds if B = 0 or sin(βL) = 0. In case of B = 0
alongside A = 0, it results into X(x) = 0. This further provides u(x, t) = 0 as
a solution to the heat equation, which is an uninteresting trivial solution. This
means that B is equal to some non-zero value, which implies that sin(βL) = 0.
Since β can have infinitely many values for which sin(βL) = 0 holds, namely
β = βw = ωπ

L . This results into a non-trivial solution of the boundary-value
problem as follows:

u(x, t) = uw(x, t) =
[
Bwsin

(wπx

L

)]
e
−

(wπ

L

)2

ct
(13)
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Now, assume that the function f(x) in initial condition Eq. (2) is a linear combi-
nation of the function sin(wπx

L ), i.e., Fourier sine series representation as follows:

f(x) =
∞∑

w=1

Bwsin
(wπx

L

)
(14)

We can mathematically express the general solution of the heat equation as the
following equation since it is a linear combination of the non-trivial solutions
of the boundary-value problem that satisfies the initial condition expressed as
Eq. (14).

u(x, t) =
∞∑

w=1

uw(x, t) =
∞∑

w=1

Bwsin
(wπx

L

)
e
−

(wπ

L

)2

ct
(15)

The constant Bw of the Fourier sine series representation of f(x) can be deter-
mined using the orthogonality property of the sine function and is mathemati-
cally expressed as follows:

Bw =
2
L

∫ L

0

f(x)sin
(wπx

L

)
dx w = 1, 2, 3... (16)

We formalize the Fourier sine coefficient in HOL Light as follows:

Definition 13. Fourier Sine Coefficient
� ∀f w L.

fourier sine coefficient f w L =

2 / L * (real integral (real interval [0,L])(λx. (f x) *

sin (&w * pi * x / L)))

where fourier sine coefficient accepts a function f :R → R, a number w
and the width of the slab L, and returns a real number representing the Fourier
sine coefficient of the function f.

Now, the solution of the heat equation capturing the heat conduction in a
rectangular slab can be alternatively expressed as:

u(x, t) =

∞∑

w=1

uw(x, t) =

∞∑

w=1

(
2

L

∫ L

0
f(x)sin

(wπx

L

)
dx

)
sin

(wπx

L

)
e
−

( wπ

L

)2
ct

(17)

We formalize the generalized solution of the heat equation (Eq. (17)) in HOL
Light as follows:

Definition 14. Generalized Solution of the Heat Equation
� ∀f x t c L.

heat solution f x t c L = real infsum (from 1)

(λw. (fourier sine coefficient f w L) *

exp (-c * ((&w * pi / L) pow 2) * t) * sin (&w * pi * x / L))
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The convergence of the generalized solution of the heat equation depends on
the convergence of the infinite series uw(x, t) and is mathematically expressed
as the following bound on uw(x, t).

|uw(x, t)| ≤ Mw (18)

where

Mw =

(
2
L

∫ L

0

|f(x)|dx

)

e
−

(wπ

L

)2

ct
(19)

We compute the upper bound Mw using the upper bound on the Fourier coeffi-
cient Bw, and the fact that

∣
∣
∣sin

(wπx

L

)∣
∣
∣ ≤ 1, along with the following property

of the integral: ∣
∣
∣
∣
∣

∫ b

a

f(x)dx

∣
∣
∣
∣
∣
≤

∫ b

a

|f(x)|dx. (20)

Next, we formally verify the convergence of the generalized solution of the heat
equation as the following HOL Light theorem.

Theorem 10. Convergence of the Generalized Solution
� ∀f x c L t.

[A1] &0 < L ∧ [A2] &0 < t ∧ [A3] &0 < c ∧
[A4] f absolutely real integrable on real interval [&0, L]

⇒ ((λw. fourier sine coefficient f w L *

exp (-c * (&w * pi / L) pow 2 * t) sin (&w * pi * x / L))

real sums heat solution f x t c L) (from 1)

Assumptions (A1-A3) ensure that the width L, the time t and the constant c are
positive real values. Assumption (A4) provides the absolute integrability of the
function f over the interval [0, L]. The conclusion presents the convergence of
the generalized solution of the heat equation. The verification of above Theorem
10 is mainly based on the following two important lemmas about the summability
of the bound Mw and the generalized solution alongside some real arithmetic
reasoning.

Lemma 1. Summability of the Bound Mw

� ∀f c L t.

[A1] &0 < L ∧ [A2] &0 < t ∧ [A3] &0 < c

⇒ real summable (from 1) (λw. &2 / L * real integral

(real interval [&0,L]) (λx. abs (f x)) *

exp (-c * ((&w * pi / L) pow 2) * t))

Assumptions (A1-A3) are the same as those of Theorem 10. The conclusion of the
above lemma provides the summability of the upper bound Mw. The verification
of Lemma 1 is mainly based on the Ratio test [26] along with some real arithmetic
reasoning.
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Lemma 2. Summability of the Generalized Solution
� ∀f x c L t.

[A1] &0 < L ∧ [A2] &0 < t ∧ [A3] &0 < c ∧
[A4] f absolutely real integrable on real interval [&0, L]

⇒ real summable (from 1)(λw. fourier sine coefficient f w L *

exp (-c * (&w * pi / L) pow 2 * t) * sin (&w * pi * x / L))

Assumptions (A1-A4) are the same as those of Theorem 10. The verification
of Lemma 2 is mainly based on the Comparison test [26] and Lemma 1 along
with some real arithmetic reasoning. More details about the verification of these
lemmas and the convergence of the generalized solution of the heat equation can
be found in our HOL Light script [12].

Next, we formally verify some interesting properties involving the derivatives
of the general solution with respect to position x and time t that capture the
heat conduction (variation of temperature) in the rectangular slab with respect
to position and time.

Theorem 11. Derivative of the Generalized Solution with Respect to Time
� ∀f x t c L u u’.

[A1] (∀t. ((λw. (fourier sine coefficient f w L) *

exp (-c * (&w * pi / L) pow 2 * t) * sin (&w * pi * x / L))

real sums u(x,t)) (from 1)) ∧
[A2] (∀t. ((λw. -c * (&w * pi / L) pow 2 * (fourier sine coefficient

f w L) * exp (-c * (&w * pi / L) pow 2 * t) *

sin (&w * pi * x / L)) real sums u’(x,t)) (from 1)) ∧
[A3] ((λt. u(x,t)) has real derivative u’(x,t)) (atreal t)

⇒ real derivative (λt. heat solution f x t c L ) t =

real infsum (from 1) (λw. -c * (&w * pi / L) pow 2) *

(fourier sine coefficient f w L) *

exp (-c * (&w * pi / L) pow 2) * t) * sin (&w * pi * x / L))

Assumption A1 provides the condition that the infinite series converges to the
function u(x, t). Similarly, Assumption A2 asserts that the derivative of the infi-
nite series with respect to t converges to the derivative of function u(x, t), i.e.
u′(x, t). Assumption A3 ensures the function u has derivative u′(x, t) at point t.
The verification of the above theorem is mainly based on swapping the opera-
tion of differentiation and infinite summation alongwith properties of the infinite
summation and derivatives.

Theorem 12. First Derivative of the Generalized Solution with Respect to
Space
� ∀f x t c L u u’.

[A1] (∀x. ((λw. (fourier sine coefficient f w L) * exp (-c * (&w * pi / L)

pow 2 * t) * sin (w * pi * x / L)) real sums u(x,t)) (from 1)) ∧
[A2] ((∀x.((λw. (fourier sine coefficient f w L) * exp (-c * (&w * pi / L)

pow 2 * t) * (&w * pi/ L) * cos (&w * pi * x / L)) real sums

u’(x,t)))(from 1) ∧
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[A3] ((λx. u(x,t)) has real derivative u’(x,t)) (atreal x)

⇒ real derivative (λx. heat solution f x t c L) x =

real infsum (from 1)(λw. (fourier sine coefficient f w L) *

exp (-c * ((&w * pi / L) pow 2) * t) * (&w * pi / L) *

cos (&w * pi * x / L))

The proof process of Theorem 12 is very similar to that of Theorem 11.

Theorem 13. Second Derivative of the General Solution with Respect to Space
� ∀f x t c L u u’ u’’.

[A1] (∀x. ((λw. (fourier sine coefficient f w L) * exp (-c * (&w * pi / L)

pow 2 * t) * sin (&w * pi * x / L)) real sums u(x,t)) (from 1)) ∧
[A2] ((∀x.((λw. (fourier sine coefficient f w L) * exp (-c * (&w * pi / L)

pow 2 * t) * (&w * pi/ L) * cos (&w * pi * x / L)) real sums

u’(x,t)))(from 1) ∧
[A3] ((λx. u(x,t)) has−real−derivative u’(x,t)) (atreal x) ∧
[A4] ((∀x. ((λw. (fourier sine coefficient f w L) * exp (-c * (&w * pi / L)

pow 2 * t) * (&w * pi / L) pow 2 * -sin (&w * pi * x / L)) real sums

u’’(x,t))) (from 1) ∧
[A5] ((λx. u’(x,t)) has real derivative u’’(x,t)) (atreal x)

⇒ higher real derivative 2 (λx. heat solution f x t c L) x =

real−infsum (from 1) (λw. (fourier sine coefficient f w L) *

exp (-c * ((&w * pi / L) pow 2) * t) * ((&w * pi / L) pow 2) *

-sin (&w * pi * x / L))

The verification of the above theorem is mainly based on Theorem 12 and prop-
erties of derivatives along with some arithmetic reasoning.

Discussion

The distinguishing feature of our proposed formal analysis of the heat conduc-
tion problem, as compared to traditional analysis techniques, is that all verified
theorems are of generic nature, i.e., all functions and variables involved in these
theorems are universally quantified and thus can be specialized based on the
requirement of the analysis of a rectangular slab with any width and corre-
sponding boundary and initial conditions. Another advantage of our proposed
approach is the inherent soundness of the theorem proving technique. It ensures
that all the required assumptions are explicitly present along with the theo-
rem, which are often ignored in conventional simulation based analysis and their
absence may affect the accuracy of the corresponding analysis. One of the major
difficulties in the proposed formalization was the swapping of the infinite sum-
mation and the differential operator that is used in the verification of Theorems
11–13. The mathematical proofs available in the literature for this swap opera-
tion were very abstract and we developed our own formal reasoning. In addition,
to the best of our knowledge, this is the first formal work on the formalization of
a one-dimensional heat equation and the verification of its infinite series solution.
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6 Conclusion

In this paper, we proposed a HOL theorem proving based approach for formally
analyzing the one-dimensional heat conduction in a rectangular slab. We formal-
ized the heat equation and formally verified its linearity and scaling properties.
Moreover, we used the separation of variables method for formally verifying the
solution of the heat equation incorporating the corresponding boundary and ini-
tial conditions. Next, we formally verified convergence of the generalized solution
of the heat equation. Finally, we verified some interesting properties regarding
the derivatives of the generalized solution of the heat equation that provide use-
ful insights to the variation of the temperature in the body. In future, we plan
to formally verify the uniqueness of the generalized solution of the heat equation
and its uniform convergence. Another future direction is to formally analyze the
heat transfer in composite slabs [27], thermal protection systems [28] and heat
transfer through various thermoelectric devices, such as thermoelectric generator
and thermocouple [29] that are widely used in many safety-critical systems.
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4. Howell, J.R., Mengüç, M.P., Daun, K., Siegel, R.: Thermal Radiation Heat Trans-

fer. CRC Press, Boca Raton (2020)
5. Minkowycz, W., Sparrow, E.M., Schneider, G.E., Pletcher, R.H.: Handbook of

Numerical Heat Transfer. Wiley-Interscience, New York (1988)
6. Han, J.C.: Analytical Heat Transfer. Taylor & Francis, Boca Raton (2012)
7. Smith, G.: Numerical Solution of Partial Differential Equations: Finite Difference

Methods. Oxford University Press, Oxford (1985)
8. Hughes, T.J.: The Finite Element Method: Linear Static and Dynamic Finite Ele-

ment Analysis. Dover Publications, Mineola (2000)
9. Evans, L.: Partial Differential Equations. American Mathematical Society, Berkeley

(2010)
10. Andrews, L.C., Shivamoggi, B.K.: Integral Transforms for Engineers. SPIE Press,

Bellingham (1999)
11. Harrison, J.: Handbook of Practical Logic and Automated Reasoning. Cambridge

University Press, Cambridge (2009)
12. Deniz, E., Rashid, A.: On the Formalization of the Heat Conduction Problem

in HOL, HOL Light Script. https://hvg.encs.concordia.ca/code/hol-light/he/heat
conduction.ml

13. Immler, F., Hölzl, J.: Numerical analysis of ordinary differential equations in
Isabelle/HOL. In: Beringer, L., Felty, A. (eds.) ITP 2012. LNCS, vol. 7406, pp.
377–392. Springer, Heidelberg (2012). https://doi.org/10.1007/978-3-642-32347-
8 26

14. Immler, F., Traut, C.: The flow of ODEs: formalization of variational equation and
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