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for fast calculations with reduced power consumption [2]. 
Error-tolerant computing refers to the ability of the system 
to continue functioning when one of its components has 
an inexact output. Thus, an error-tolerant system contains 
approximate components without significant accuracy loss 
of the result.

Arithmetic modules define the performance of comput-
ing systems. The basic operations used to execute DSP 
algorithms are addition/subtraction, multiplication, squar-
ing, and shifting [3]. Thus, improving the design of these 
operations will enhance the final performance of DSP pro-
cessors. While squaring function is a widely-used arithme-
tic operation in multimedia and DSP applications  [4], its 
implementation can be resource-intensive, especially when 
high accuracy and speed are required. The hardware design 
of the squaring units is simpler than the design of general-
purpose multipliers because they need half of the partial 
products. Thus, squaring units are generally faster and has 
higher throughput as they are used extensively in various 
applications  [5], e.g.,  Viterbi algorithm, object tracking, 
vector quantization and equalization, adaptive filtering, gra-
dient adaptation, pattern recognition, image compression, 

1  Introduction

The exceptionally large number of battery-powered Inter-
net of Things (IoT) sensors perform data acquisition, which 
provides noisy input data for real-time digital signal pro-
cessing (DSP) applications. Such battery-powered sensors 
should have a reduced footprint, small delay, and reduced 
power consumption, where a degraded accuracy of the final 
results is acceptable [1]. DSP applications efficiently manip-
ulate noisy inputs. Thus, exact results could be sacrificed 
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cryptography, Euclidean branch calculation, and motion 
estimation [6].

General-purpose processors can perform DSP operations 
employing fundamental computing blocks. However, their 
area, latency and power usage might not satisfy the require-
ments of battery-powered real-time applications, e.g.,  IoT 
devices. Thus, dedicated circuits with reduced area, delay, 
and power consumption are desirable [7].

DSP units with a parallel architecture are appropriate for 
high-performance applications, i.e.,  notepads and laptops 
[8, 9]. However, they have a large design area and power 
consumption. On the other hand, DSP units with a recursive 
architecture are suitable for small and low-power IoT nodes, 
which often have limited memory storage and operand size. 
Recursive DSP units [4], which we target in this work, are 
embedded within various digital systems used in our daily 
lives. For example, 8-bit AVR (Alf and Vegard’s RISC pro-
cessor) microcontrollers, which are a family of microcon-
trollers developed since 1996 by Atmel, are widely used for 
various types of IoT devices  [10]. Thus, energy-efficient 
designs can have a significant impact on the power con-
sumption of the overall system.

Applications, such as image processing, audio signal 
processing, and machine learning and pattern recogni-
tion, can tolerate inaccuracies in their results. Thus, exact 
squaring units are unnecessary. Using approximate squar-
ing functions, which have a simplified design with reduced 
area, less power consumption, and lower latency, will have 
significant benefits in terms of hardware efficiency, power 
consumption, and execution speed of DSP units. This paper 
explains how an array-based exact squaring function can be 
approximated systematically. For this aim, we propose four 
new energy-efficient approximate full adders (FAs) suitable 
for the squaring function. Then, use them with an already 
existing 14 FAs and perform a design space exploration for 
array-based approximate squaring designs. We achieved 
fast, compact, low-power, and energy-efficient designs 
which fit a set of applications. Introducing approximation 
into hardware design reduces its critical path, area, and 
power consumption. Thus, energy efficiency is improved for 
acceptable accuracy degradation. The proposed array-based 
approximate squaring design is intended for integer arith-
metic. However, it applies to floating-point (FP) operations 
represented in the IEEE-754 standard. The FP number’s sign 
and exponent are calculated accurately, while themantissa is 
evaluated approximately based on the proposed design. The 
contributions of this article are as follows: 

1.	 Explain how an array-based exact squaring function can 
be approximated systematically.

2.	 Propose four energy-efficient approximate FAs (IxFAs) 
and evaluate their design characteristics, i.e., accuracy, 
area, power, and delay.

3.	 Utilize the four proposed IxFAs and 14 existing approx-
imate FAs and perform a design space exploration 
(DSE) of approximate squaring units with various con-
figurations based on the type of the FAs and the level of 
approximation.

4.	 Conduct an evaluation of the proposed squaring designs 
based on popular DSP applications.

The rest of this article is organized as follows. Section  2 
explains the design of an exact array multiplier and its sim-
plification into exact array squarer. Section  3 introduces 
related work on designing approximate squaring circuits. 
Section 4 proposes four new FAs that are suitable for the 
approximation of the squaring designs. Section 5 explains 
the proposed squaring designs and discusses their accu-
racy and resource usage. Section 6 compares the proposed 
approximate squaring units with state-of-the-art approxi-
mate squarers. The performance of the proposed squarers is 
analyzed with a real-time application in Section 7. Finally, 
Section 8 concludes the paper with some future directions.

2  Accurate array multiplier and squaring 
circuit

We consider DSP functions in microcontroller units (MCUs) 
as our target practical applications, where 8-bit designs are 
sufficient to represent the sensory collected data  [5]. The 
proposed designs are easily expandable to 16 and 32 bits. 
Next, we describe an 8-bit exact array multiplier, and an 
8-bit unsigned and signed exact squaring function where 
both designs are array-based multipliers with two identical 
inputs. The approximation procedure is generic and can be 
applied to any N × N array multiplier.

2.1  Accurate array multiplier

An n-bit array multiplier is composed of n2 AND gates for 
partial products (PP) generation, and n − 1 n-bit adders for 
partial products accumulation [7]. An array multiplier has a 
simple design and regular structure. Thus, it is suitable for 
the multiplication of small numbers, e.g., microcontrollers 
for IoT devices  [11]. However, for the multiplication of 
large numbers, high-speed multipliers are required, or the 
array multipliers could be pipelined for fast operation.

Due to its importance and applicability in various appli-
cations, there are various designs of approximate array mul-
tipliers, where they replace the exact FAs with approximate 
FAs (e.g., [12–14]). They differ in the type of the used FAs, 
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the amount of approximation and approximation structure, 
i.e., replacing arrows or columns in the partial product array.

As shown in Fig. 1, an 8-bit array multiplier includes 64 
partial products generated by 64 AND gates. A8 to A1 repre-
sent the “multiplicand”, B8 to B1 represent the “multiplier”, 
B1A1 denotes the first partial product, B8A8 represents the 
last partial product, and P15 to P0 represent the final “prod-
uct” [15]. As shown in Fig. 2, partial product accumulation 
requires 7 carry-ripple adders each of size 8-bit. Thus, 56 
full-adders (FAs) are required, where eight FAs are replaced 
by half-adders (HAs) since the third input is zero. The HAs 
are highlighted in blue color in Fig. 2.

2.2  Accurate unsigned array squaring circuit

As shown in Fig.  1, the partial products are symmetrical 
around the diagonal (from top-right to bottom-left). Based 
on that, appropriate folding techniques were introduced 
in [16] and developed in [17]. Moreover, the authors of [18] 

propose a new method that utilizes more regularity of 
merged PP to reduce more bits and the height of the PP tree. 
The authors of [19] also introduced a VLSI implementation 
of a 350MHz 0.35µm 8-bit merged squarer. They reduced 
the depth of the partial product array where they merged all 
PPs on the diagonal with those of the folded and shifted sub-
arrays. However, the work in [16–19] used exact basic units.

Fig. 3 shows the simplified exact partial product tree of 
an 8-bit exact unsigned array squaring circuit with 28 par-
tial products generated by 28 AND gates which is greatly 
simplified compared to an 8-bit array multiplier. Moreover, 
Fig. 4 shows that 21 FAs and 7 HAs are required to gener-
ate the final “product”, i.e., P15 to P0. As shown in Fig. 1, 
the height of the partial products array is N for an N-bit 
multiplier. However, the height of the squarer is reduced 
to ⌊ N/2 ⌋ + 1, which significantly decreases the hardware 
complexity and delay.

Fig. 2  Structure of Partial Product Accumulation and Summation for an 8-bit Unsigned Array Multiplier

 

Fig. 1  Partial Products of an 8-bit Unsigned Array Multiplier
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2’s complement of the signed number to extract its magni-
tude. The MSB of the signed number indicates if the num-
ber is positive or negative. Thus, if the MSB is logic  ‘1’, 
i.e.,  the number is negative, a fast way of computing the 
2’s complement is to search for the first occurring logic ‘1’ 
and then compute the inverse of all succeeding bits. Hence, 
the i-th bit of a negative number must be inverted if any of 
the preceding bits is logic  ‘1’ when the MSB is logic  ‘1’. 
Subsequently, we propose the usage of Eq. (1) to compute 
the magnitude of a signed number (A) where we look for 
any occurring logic ‘1’ in the preceding bits along with the 
MSB to identify if the bit Ai must be inverted. The i-th bit 
magnitude representation of an n-bit signed number is com-
puted using XNOR, NAND and OR gates. Fig. 7 depicts the 
schematic of the computation in Eq. (1) where the hardware 
requires n − 2, n − 1 and n − 1, OR, NAND and XNOR 

2.3  Accurate signed array squaring circuit

We modify the simplified structure of the unsigned squar-
ing unit to support signed numbers. An 8-bit signed number 
encodes the magnitude using 7-bits only while the most sig-
nificant bit (MSB), i.e., 8th bit, encodes the sign. Moreover, 
the square of a signed number is thesquare of its magni-
tude, i.e., x2 = |x|2. Hence, the tree of partial products can 
be further simplified. As shown in Fig. 5, the squaring of a 
7-bit magnitude requires 21 AND gates for partial products 
generation. As shown in Fig. 6, partial product accumula-
tion requires 15 FAs and 6 HAs for a 7-bit input, where 
the height of the tree is reduced by one level compared to 
the 8-bit unsigned design. Moreover, a hardware unit that 
extracts the magnitude of an 8-bit signed number must be 
added to the 7-bit squarer. For this purpose, we compute the 

Fig. 4  Structure of Partial Product Accumulation and Summation for an 8-bit Unsigned Array Squaring Circuit

 

Fig. 3  Partial Products of an 8-bit Unsigned Array Squaring Circuit
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Fig. 7  Schematic of the 2’s Complement 
Computation
 

Fig. 6  Structure of Partial Product Accumulation and Summation for a 7-bit Unsigned Array Squaring Circuit

 

Fig. 5  Partial Products of a 7-bit Unsigned Array Squaring Circuit
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approximation of the squaring function is based on various 
techniques including lookup table-based solutions [21, 22], 
linear interpolation of the squaring function [23], simplifica-
tion of squaring algorithm [24], fixed width operation [12], 
and simplified combinational logic for logarithmic design 
[25]  [26]. Another technique of developing approximate 
designs, while having full-bit width results, is utilizing 
approximate building blocks. Accordingly, different designs 
of approximate arithmetic units have been investigated, 
e.g., [4, 7, 27, 28]

Traditional ROM-based look-up tables (LUT) are 
restricted to applications with small bit-size operands. For 
applications with large bit-size operands, the increase in 
the look-up table size is preventive [21]. For instance, the 
authors of  [22] proposed a hybridLUT-based architecture 
for the low-error and efficient fixed-width squarer circuits, 
employing both LUT-based and simple conventional logic 
circuits. Thus, more area is added which is inadequate for 
IoT applications. In  [23], the authors presented a linear 
approximation for the squaring function. They used shift, 
concatenation and addition operations instead of using 
multipliers and LUTs. Moreover, some compensation tech-
niques were used to reduce the maximum relative errors.

The authors of [24] presented two simple combinational 
logic designs for bit-parallel approximate squarers, which 
are based on simplified combinational logic. The obtained 
hardware elements grow linearly with the width of input 
bits. However, the proposed designs are mainly suitable for 
LUT-based field-programmable gate array (FPGA) imple-
mentations only. In a different approach, the authors of [12] 
proposed a model for array-based approximate arithmetic 
computing, i.e.,  multiplier and squarer design with fixed-
width operands. Using the fixed-width operation, the output 
is N bits for an input of N bits, where the N least significant 
bits (LSB) of the result are truncated. Thus, an Error Com-
pensation Unit (ECU) is identified as a key building block 
with extra design overhead.

The authors of  [25] proposed an approximate squaring 
design utilizing simple algorithmic interpolation, where 
the proposed design is based on shift and subtract opera-
tions. Similarly, in  [26], the authors proposed a low-error 
approximate logarithmic squaring function with low power. 
However, when compared with the Mitchell algorithm [29], 
which is the baseline method for most logarithmic multipli-
ers and logarithmic squaring functions, both [25] and [26] 
have higher power and area consumption. Regarding their 
accuracy, the design proposed in [26] has the lowest aver-
age error compared to logarithmic designs. Moreover, when 
an error compensation module is added to [25] it gives the 
lowest mean relative error distance (MRED) with a notice-
able increase in its area, power, and delay. Thus, there is no 
algorithmic design better than [29] in all metrics.

gates, respectively. The implementation of the proposed 
8-bit signed squarer is shown in Fig. 8.

Magi

=
{

Ai; for i = 1
XNOR {Ai, NAND [An, OR (A0, ..., Ai−1)]} ; for 1 < i < n

� (1)

2.4  Hardware metrics

We analyze various design metrics, i.e.,  area, power, and 
delay, to show the benefits of simplifying the design of 
squaring function, both signed and unsigned, compared 
to standard multiplication. We synthesized these designs 
using Cadence Innovus  [20]. The synthesis is performed 
using a Cadence Generic Process Design Kit (GPDK) based 
on the 45nm CMOS technology node. Table  1 shows the 
characteristics of the 8-bit exact array multiplier and squar-
ing designs. The unsigned squarer unit offers a reduction 
of 52.6%, 69.9%, and 26.7% in area, power, and delay 
respectively, compared to the array multiplier. Similarly, the 
proposed signed squarer has an average area, power, and 
delay reduction of 58.1%, 59.1%, and 34.2%, respectively, 
compared to the array multiplier. The characteristics of the 
designed approximate squares are given in Section 5.2.

3  Related work

In this section, we include a short literature review on some 
of the relevant works of the squaring circuit, which is a 
unary operation with a single input. Previous work on the 

Table 1  Area, Power, and Delay for the Exact Array Multiplier and 
Exact Squaring Function
Design Area (µm2) Power (µW) Delay (ps)
Array Multiplier 363.89 14.14 1,060
Unsigned Squaring Unit 172.37 4.26 767
Signed Squaring Unit 152.53 5.79 698

Fig. 8  Implementation of the 8-bit Signed Array Squaring Circuit
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four approximate FAs that are most suitable for the squaring 
designs. The approximate squaring units are approximated 
with various configurations based on: (i) the type of the 
used approximate full adders, where we use 14 well-known 
FAs and four new FAs; and (ii) the level of approximation, 
i.e.,  the number of exact FAs replaced with their approxi-
mate counterparts.

4  Approximate full adders

Arithmetic units are the most power-hungry parts of 
hardware designs  [32]. Therefore, hardware approxima-
tion reduces the power consumption of these arithmetic 
units [33]. Squaring designs are basic building blocks used 
many in arithmetic units. Array-based squaring units consist 
of a set of full adders controlled by carry generation and 
propagation. Generally, the most suitable technique of arith-
metic units is replacing the exact FAs with their approxi-
mate counterparts.

We propose four power-efficient Inexac Full Adders, 
i.e.,  IxFA1, IxFA2, IxFA3, and IxFA4, that are suitable 
for the structure of the squaring design. These designs are 
obtained by introducing more approximations into already 
existing designs. Therefore, they have a relatively high 
error rate and error distance. However, their design char-
acteristics, i.e., area, power, and delay, would be competi-
tive. The schematic diagrams for these designs are shown in 
Fig. 9a – 9d, respectively. Table 2 shows the truth tables of 
the IxFAs where the erroneous values of Cout and Sum are 
highlighted in bold.

We compare the proposed IxFAs with 14 related designs, 
namely, AFA  [34], AMA1, AMA2, AMA3  [35], AXA1, 
AXA2, AXA3  [36], IFA  [37], InXa1, InXa2, InXa3  [38], 
NxFA [39], and TGA1, TGA2 [40]. In the sequel, we refer 
to these FAs as Existing Inexact Full Adders (ExFAs). Table 
3 shows the error rates (ER) and error distances (ED) of 

The authors of  [30] proposed an approximate partial 
products generator for squarer (APPGS). Then, presented 
three designs of approximate radix-4 Booth squarer using 
their proposed APPGS, which are called ABS1, ABS2, and 
ABS3. ABS1 is designed based on approximate partial prod-
ucts (PPs) which are generated at the lowest r significant 
columns of the partial product matrix. The remaining PPs 
are generated accurately. Then, all of these PPs are accumu-
lated with exact adders and compressors. ABS2 is similar 
to ABS1 except that all PPs are accumulated using approx-
imate arithmetic blocks, i.e.,  half adders, full adders, and 
compressors, with an input signal rearrangement technique 
to reduce the error. ABS3 is generated by adding an error 
recovery module to ABS2 to enhance its output quality. 
However, the precision of their designs should be further 
improved. This work has three configurations based on dif-
ferent building blocks and different amounts of approxima-
tion [30]. More recently, the work in [31] offered a similar 
approach for approximating the Booth squarer, where the 
authors proposed approximation at two levels, namely, PP 
generation and the compressor. Using the proposed approxi-
mate PP and approximate compressor, the authors proposed 
two approximate Booth folding squarer (ABFS), i.e., ABFS1 
and ABFS2. However, the work in  [31] does not provide 
many insights on the techniques used to achieve the approx-
imation and lacks extensive quality analysis.

Due to functional similarities between our work and the 
above-related research, in Section 6, we will compare our 
results with those presented in [30, 31] in terms of accuracy. 
Moreover, we provide a comparison in terms of area, power, 
and delay.

Most of the related work has drawbacks such as the need 
for large memory storage, the usage of an error correction 
unit with significant overhead, targeting FPGA only, or the 
inability to achieve significant area, power, and delay reduc-
tion when implemented on ASIC. Thus, in this paper, we 
propose energy-efficient approximate squarers along with 

Fig. 9  Schematic of the Proposed 
a. IxFA1, b. IxFA2, c. IxFA3, and 
d. IxFA4

 

1 3

Page 7 of 17     53 



Analog Integrated Circuits and Signal Processing          (2025) 124:53 

than 12 ExFAs. The average PADP of the IxFAs is 1683.1 
and 24338.2 for the 14 ExFAs.

The PADP of the proposed IxFAs is better than 13 ExFAs. 
We notice that the proposed IxFAs have a competitive area, 
power, delay, and PADP compared with 14 well-known 
FAs. On the other hand, as the quality and resource usage 
are more relevant at the application level, i.e., the squarer, in 
the sequel, we use all the 14 ExFAs along with the four pro-
posed IxFAs. As such, we offer a comprehensive analysis of 
the behavior of the proposed approximate squarer.

5  Proposed squaring function

In this section, we illustrate various designs of an 8-bit 
approximate array squaring (AAS) function. We propose to 
gradually replace the FAs of each column with approximate 
ones. For efficiency of reference, the vertical replacement of 
FAs, i.e., the level of approximation, is referred to as V1 to 
V11 as highlighted in Fig. 11.

We generated 154 AAS designs using the 14 well-known 
FAs, i.e.,  14 × 11. Also, we generated 44 AAS designs 

the above FAs. Among the proposed IxFAs, we notice that 
IxFA3 has the least ER and ED.

The hardware metrics, i.e.,  area, power, and delay, of 
the 18 FAs were measured. The synthesis is performed 
using the Cadence Innovus tool with 45nm GPDK pro-
cess technology. Fig. 10 shows the area, power, delay, and 
power-area-delay-product (PADP) of the IxFAs compared 
to the ExFAs. As shown in Fig.  10a, the average area of 
the ExFAs is 4.935µm2 while the IxFAs have an average 
area of 2.651µm2. IxFA1, IxFA2, IxFA3 and IxFA4 have 
an area of 2.052µm2, 3.42µm2, 2.394µm2, and 2.736µm2, 
respectively. Thus, their area is competitive, i.e., less/better 
than the area of 13 ExFAs. The average power consump-
tion is 79.82nW for all ExFAs and 26.98nW for the proposed 
designs. The proposed FAs, i.e., IxFA1, IxFA2, IxFA3, and 
IxFA4, have a power consumption of 12.64nW, 40.66nW, 
20.95nW, and 33.67nW, respectively. Thus, their power 
consumption is less than 13 ExFAs. The average delay is 
47.43fs for the 14 ExFAs and 24fs for the proposed ones. 
The delay of the IxFA1, IxFA2, IxFA3 and IxFA4 is 34fs, 
28fs, 28fs, and 6fs, respectively. Thus, their delay is better 

Table 2  Truth Table for IxFA1, IxFA2, IxFA3 and IxFA4
Inputs IxFA1 IxFA2 IxFA3 IxFA4
A B Cin Cout Sum Cout Sum Cout Sum Cout Sum
1 1 1 1 1 1 0 1 0 1 0
1 1 0 0 0 1 1 1 0 0 0
1 0 1 0 0 1 0 1 0 1 1
1 0 0 0 0 0 0 0 1 0 1
0 1 1 0 0 1 0 1 0 1 1
0 1 0 0 0 0 0 0 1 0 1
0 0 1 0 0 1 0 1 0 1 0
0 0 0 0 0 0 0 0 1 0 0

Work Design ER ED
[34] AFA 0.25 0.25
[35] AMA1 0.25 0.25

AMA2 0.25 0.25
AMA3 0.375 0.375

[36] AXA1 0.5 0.5
AXA2 0.5 0.5
AXA3 0.25 0.25

[37] IFA 0.25 0.25
[38] InXa1 0.25 0.5

InXa2 0.25 0.25
InXa3 0.25 0.25

[39] NxFA 0.375 0.375
[40] TGA1 0.25 0.25

TGA2 0.25 0.25
Proposed IxFA1 0.75 1.125

IxFA2 0.625 0.625
IxFA3 0.375 0.375
IxFA4 0.625 0.75

Table 3  Error Rates (ER) and 
Error Distances (ED) of various 
Approximate Full Adders (FAs)
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5.1  Accuracy of the proposed designs

We implemented all designs in MATLAB  [41] to assess 
their precision. The accuracy of the designs is for the entire 
8-bit input domain. The quality analysis of the approximate 
designs is performed using various error metrics that have 
been proposed in the literature [1]. Namely, error rate (ER), 
mean error distance (MED), normalized mean error distance 
(NMED), mean relative error distance (MRED), and mean 
square error (MSE). Figs. 12 and 13 show the values of the 
error metrics of AAS and SAAS designs, respectively.

Fig. 12ashows the ER for AAS. The average ER for AAS 
designs when utilizing the ExFAs is 69.7%, while the ER 
for AAS designs utilizing the IxFAs is 76.9%. The same 
behavior is shown in Fig. 13awhich shows the ER for SAAS. 
The ER for ExFA-based SAAS designs is 64.4%, while the 

utilizing our proposed IxFAs, i.e.,  4 × 11. Moreover, we 
approximated the 8-bit signed approximate array squaring 
(SAAS) in all possible 9 levels of vertical replacement. Thus, 
we generated126 designs using the FAs from the literature, 
i.e., 14 × 9, and 36 designs utilizing our IxFAs, i.e., 4 × 
9. Next, we evaluate the various accuracy metrics and the 
resource usage, i.e., area, power and delay, of all proposed 
designs. Then, compare the metrics of the designs that 
are based on the IxFAs with the designs that are based on 
related FAs. The comparison of the proposed inexact full 
adders, i.e.,  IxFAs, with the approximate FAs proposed in 
the literature, is based on the average metrics, e.g., average 
area, for all levels of approximation when using a given type 
of FA. Furthermore, we refer to the AAS and SAAS designs 
based on the ExFA as ExFA-based AAS and ExFA-based 
SAAS designs, respectively.

Fig. 11  Different configurations for “Columns of Approximate FAs"of the AAS

 

Fig. 10  a. Area, b. Power, c. Delay of the Critical Path, and d. PADP for the 20 Approximate FAs
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on average a higher NMED than the designs utilizing the 14 
well-known FAs.

The MRED of signed and unsigned designs are shown in 
Figs. 12c and 13c, respectively. The MRED for ExFA-based 
AAS designs is 40.13, while the MRED for AAS designs uti-
lizing the IxFAs is 52.07. The MRED for ExFA-based SAAS 
designs is 24.54, while it is 30.02 for SAAS designs utilizing 
the IxFAs.

Fig.  12dshows the MSE for AAS. The MSE for 
ExFA-based AAS designs ranges from 6.69 × 10+06 to 
6.77 × 10+07 with an average of 2.59 × 10+07. The average 
MSE for AAS designs utilizing the IxFAs is 6.29 × 10+07. On 
the other hand, Fig. 13dshows the MSE for SAAS. The MSE 
for ExFA-based SAAS designs ranges from 8.54 × 10+05 to 

ER for SAAS designs utilizing the IxFAs is 72.1%. Thus, 
the designs based on the IxFAs have on average a slightly 
higher ER than the designs utilizing the 14 ExFAs. How-
ever, the ER for IxFA4-based AAS and SAAS designs are 
better than 11 approximate ExFA-based AAS and 9 SAAS 
designs.

Fig.  12bshows the NMED for the AAS. The average 
NMED for ExFA-based AAS designs is 7.82, while the 
NMED for AAS designs utilizing the IxFAs is 12.75. The 
same behavior is shown in Fig. 13bwhich shows the NMED 
for the SAAS. The NMED for ExFA-based SAAS designs 
is 2.73, while the NMED for SAAS designs utilizing the 
IxFAs is 4.01. Thus, the designs based on the IxFAs have 

Fig. 13  Accuracy Metrics: a. ER, b. NMED, c. MRED, and d. MSE, of the Proposed 8-bit SAAS. (Each bar is the average of 9 designs)

 

Fig. 12  Accuracy Metrics: a. ER, b. NMED, c. MRED, and d. MSE, of the Proposed 8-bit AAS. (Each bar is the average of 14 designs)
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5.2  Hardware metrics

We implemented all of the approximate squaring designs 
in VHDL, where we used Siemens QuestaSim[42] for 
functional verification. On the other hand, the synthesis 
is performed using the Cadence Innovus tool  [20] with 
45nm GPDK. Figs. 14 and 15 show the area, power, delay 
and power-area-delay product (PADP) for AAS and SAAS 
designs, respectively, when using various approximate FAs.

5.2.1  Area of the proposed AAS  and SAAS  designs

Fig.  14ashows the area of the different AAS designs. The 
area for ExFA-based AAS designs ranges from 114.9µm2 to 

5.95 × 10+06 with an average of 3.01 × 10+06. The average 
MSE for SAAS designs utilizing the IxFAs is 5.59 × 10+06.

Even though the IxFA-based designs have on average 
lower quality than the ExFA-based designs, some designs 
offer a competitive quality. For instance, NMED of the AAS 
designs based on IxFA2 and IxFA4 have similar or better 
quality when compared to six ExFA-based AAS designs. 
Moreover, the AAS designs based on IxFA1, IxFA2 and 
IxFA4 offer a competitive MRED. These behaviors can 
be extended to the SAAS designs as we can notice from 
Figs. 12 and 13 that the behavior of the error in the AAS and 
SAAS is similar for the various approximate FAs. However, 
the absolute value for the metrics of SAAS is less compared 
to AAS since the output is 14-bit rather than 16-bit.

Fig. 15  a. Area, b. Power, c. Delay and d. Power-Area-Delay-Product, of the Proposed 8-bit SAAS. (Each bar is the average of 9 designs)

 

Fig. 14  a. Area, b. Power, c. Delay and d. Power-Area-Delay-Product, of the Proposed 8-bit AAS. (Each bar is the average of 11 designs)
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However, the power of the exact signed squarer is 5.79µW. 
The designs based on the proposed IxFAs have an average 
power of 3.6µW with a minimum power of 1.8µW and a 
maximum power of 5.2µW.

Table 5 shows the maximum, minimum, and the average 
power of the 154 ExFA-based AAS, 44 IxFA-based AAS, 
126 ExFA-based SAAS, and 36 IxFA-based SAAS. The 
average power consumption of IxFA-based AAS and SAAS 
designs is better than the average power of all ExFA-based 
designs.

5.2.3  Delay of the proposed AAS  and SAAS  designs

As shown in Fig.  14c, the delay of the ExFA-based AAS 
designs ranges from 323ps to 804ps with an average of 
655ps. However, the delay of the exact unsigned squaring 
unit is 767ps. The delay for AAS designs utilizing the pro-
posed IxFAs ranges from 194ps to 768ps with an average of 
545ps. Fig. 15cshows the delay of the signed designs, which 
ranges from 344ps to 727ps with an average of 621ps. How-
ever, the delay of the exact signed squaring unit is 698ps. 
The delay for SAAS designs utilizing the proposed IxFAs 
ranges from 295ps to 702ps with an average of 539ps. Table 
6 shows the maximum, minimum, and the average delay of 
the 154 ExFA-based AAS, 44 IxFA-based AAS, 126 ExFA-
based SAAS and 36 IxFA-based SAAS.

5.2.4  PADP of the proposed AAS  and SAAS  designs

To summarize the performance of the various proposed 
designs, we use the Power-Area-Delay Product (PADP), 
where Figs. 14d and 15d show the PADP for different AAS 
and SAAS designs, respectively. The PADP values are mea-
sured in µm2 · µW · ps. Utilizing the ExFAs, the PADP 
of the AAS designs ranges from 325 K to 748 K, with an 
average of 488K. The PADP of the designs based on the 
ExFAs proposed in [37, 38], i.e., IFA and InXa2, is higher 
than the exact design. This can be assigned to the internal 
structure of the approximate FAs where the synthesis tool is 
unable to optimize/simplify the structure of the approximate 
squarer. Utilizing the proposed IxFAs, the AAS designs have 
a PADP between 184 K and 315 K with an average of 242K. 
As shown in Fig.  15d, the PADP of ExFA-based SAAS 
designs ranges from 344 K to 695 K with an average 482K. 

208.3µm2 with an average of 170.1 µm2 while the area of 
the exact squarer is 172.37 µm2. The area of some approxi-
mate designs is greater than the exact design. Such behavior 
is expected as the synthesis is performed in medium effort 
in the various hardware metrics. Subsequently, the tool may 
generate a hardware solution that minimizes some aspects of 
the hardware metrics, e.g., power and delay, for an increase 
in other metrics. On the other hand, the average area of our 
proposed designs ranges from 74.6µm2 to 171.7µm2 with 
an average of 141.2 µm2. Fig.  15ashows the area of dif-
ferent SAAS designs that are averaged for various vertical 
replacements (V1–V9) when using a given type of approxi-
mate FA. The average area for ExFA-based SAAS designs 
is 150.91µm2 while the area of the exact signed squarer is 
152.53 µm2. The designs based on the proposed IxFAs have 
an average area of 130.2µm2. Moreover, similar to the AAS 
design, some SAAS results in a higher area than the exact 
design.

Table 4 shows the maximum, minimum, and the average 
area of the 154 ExFA-based AAS, 44 IxFA-based AAS, 126 
ExFA-based SAAS, and 36 IxFA-based SAAS. The average 
area of IxFA-based AAS and SAAS designs is better than the 
average area of all ExFA-based designs.

5.2.2  Power of the proposed AAS  & SAAS designs

Fig.  14bshows the power consumption of different AAS 
designs. The power consumption of the ExFA-based AAS 
designs ranges from 2.3µW to 5.9µW, with an average of 
4.3µW,while the power of the exact squarer is 4.26µW. Sim-
ilar to the behavior noted in the area usage, the power con-
sumption of some approximate designs is greater than the 
exact design due to their internal structure. The AAS designs 
utilizing the proposed IxFAs have a power consumption 
between 0.9µW and 4.3µW with an average of 2.7µW. As 
shown in Fig. 15b, the power of ExFA-based SAAS designs 
ranges from 3.2µW to 6.697µW with an average of 5.1µW. 

Table 4  Area (Min, Max, Avg) of various proposed Designs
Area (µm2)
AAS SAAS
ExFA-based IxFA-based ExFA-based IxFA-based

Min 114.9 74.6 111.5 85.8
Max 208.3 171.7 178.2 151.8
Avg 170.1 141.2 150.9 130.2

Table 5  Power (Min, Max, Avg) of various proposed Designs
Power (µW)
AAS SAAS
ExFA-based IxFA-based ExFA-based IxFA-based

Min 2.3 0.9 3.2 1.8
Max 5.9 4.3 6.6 5.2
Avg 4.3 2.7 5.1 3.6

Table 6  Delay (Min, Max, Avg) of various proposed Designs
Delay (ps)
AAS SAAS
ExFA-based IxFA-based ExFA-based IxFA-based

Min 323 194 344 295
Max 804 768 727 702
Avg 655 545 621 539
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Similar to the area and power consumptions, all of the pro-
posed designs utilizing the 18 types of FAs have smaller 
delays, and thus smaller PADPs than the ABS designs.

We approximate the SAAS designs based on the vertical 
replacement of FAs, i.e., 9 levels of approximation. We used 
14 ExFAs along with our four proposed IxFAs for every 
level. To summarize the comparison with [30, 31] and iden-
tify the outperforming design(s), we perform a comparison 
based on the power-area-delay product (PADP) and the out-
put quality (NMED) of the designs. Fig. 16 compares the 
designs proposed in [30, 31] and our SAAS designs. From 
the ExFA-based SAAS designs, for every level of approxi-
mation, i.e., V1–V9, we selected two designs: (i) the design 
with the best/lowest NMED which is named ExFAmin; and 
(ii) the design with the worst/highest NMED which is named 
ExFAmax. From Fig. 16, we can notice that the PADP of 
the ExFAmin fluctuates. This is due to the fact that for dif-
ferent levels of approximation, different designs achieved 
minimal NMED. Subsequently, each design has a different 
PADP. In addition, due to graphical limitation, Fig. 16 does 
not show one value of ExFAmin where one design achieved 
an NMED of 0, i.e., no error.

Moreover, for every level of approximation, i.e., V1–V9, 
we computed the average NMED and the average PADP 
for the ExFA-based designs, where we denote these values 
as ExFAavg in Fig. 16. Furthermore, we show the NMED 
and PADP for the IxFA-based SAAS designs in Fig.  16 
for the various levels of approximation, i.e., V1–V9. The 
IxFA-based SAAS designs are denoted in Fig. 16 based on 
the IxFA used in the design. For example, the SAAS design 
based on IxFA1 is shown as IxFA1 in Fig. 16.

However, the designs based on the proposed IxFAs have an 
average PADP of 271 K with a minimum value of 220 K and 
a maximum value of 325K. The average PADP of IxFA-
based AAS and SAAS  designs is better than the average 
PADP of all ExFA-based designs.

6  Comparison with related work

The proposed inexact full adders, i.e., IxFAs, achieved min-
imal resource usage with competitive quality. In this sec-
tion, we compare the proposed approximate squarers with 
the work presented in the literature. Since the ABS and 
ABFS designs proposed in [30], and [31], respectively, sup-
port signed numbers, we will limit the comparison in this 
section to the SAAS designs.

The various ABS designs have an area ranging from 
390µm2 to 433µm2 with an average of 417.32µm2. How-
ever, the area of the SAAS designs ranges from 85.8µm2 
to 178.2µm2 with an average of 145.8µm2. Thus, all of 
the proposed designs utilizing the 18 types of FAs have a 
smaller area than the ABS designs.

Regarding the power, the various ABS designs have a 
power consumption ranging from 95µW to 123µW with an 
average of 110µW. The power of the SAAS designs varies 
from 1.81µW to 6.59µW with an average of 4.73µW. Thus, 
all of the proposed designs utilizing the 18 types of FAs 
have a smaller power than the ABS designs.

The delay of the ABS designs ranges from 560ps to 840ps 
with an average of 710ps, while the SAAS designs have a 
delay between 295ps to 727ps with an average of 603ps. 
Fig. 16  PADP versus NMED for 
the SAAS, ABS [30] and ABFS [31] 
Designs
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Here, we use a sinusoidal signal, as given in Eq.  (2). The 
sinusoidal carrier signal c(t) is given by Eq. (3), whereAc 
and fc are the amplitude and frequency of the carrier signal, 
respectively. As shown in Fig. 17, the resultant modulated 
signal is called xAM (t) which is given by Eq. (4). The value 
of the modulation index, i.e., µ, equals Am

Ac
.

m(t) = Amcos(ωmt)� (2)

c(t) = Accos(ωct) = Accos(2πfct)� (3)

xAM (t) = Ac cos(ωct) [1 + µ cos(ωmt)]� (4)

On the receiver side, we want to restore m(t) from the 
received xAM (t) by using a simple signal rectifier followed 
by a low-pass filter (LPF). A square law demodulator (SLD) 
is used for the demodulation of the AM signals. Thus, at the 
receiver, we square the received xAM (t) where the obtained 
expression is given by Eq. (5). As shown in Fig. 18, the SLD 
passes the AM signal through a squaring circuit. Then, the 
generated signal is transferred through an LPF to attenuate 
signals with high frequencies [5]. Finally, the SLD gener-
ates a copy of the original message.

x2
AM (t) = A2

c cos2(ωct)[1 + µ cos(ωmt)]2 � (5)

md(t) = AmAccos(ωmt) + (µAc

2
)2cos(2ωmt) � (6)

The squaring of the received xAM (t) consists of constant 
terms, several high-frequency components, and other 
terms. The LPF removes high-frequency components. 
The direct current (DC) block removes the constant terms, 
and the remaining signal is the demodulated signal as 
given  in Eq.  (6). To assess the efficiency of the proposed 
approximate squaring designs, we built a MATLAB model 
for the modulation/demodulation process. To convert float-
ing-point numbers to 8-bit integers we used a scaling factor 
of 28. To obtain a negligible quantization noise, we used a 
sampling frequency of 20 kHz. To eliminate high-frequency 
terms we used a built-in lowpass filter with a normalized 
passband frequency of 0.1 π/second. As shown in Section 6, 
the usage of the IxFA resulted in superior squaring designs. 
Thus, in this section we use the IxFA-based AAS designs to 
evaluate the square of xAM (t).

The Euclidean distance EA,B  between two signals, 
i.e.,  A and B, measures the straight-line distance between 

The designs proposed in [30], i.e., ABS, have various con-
figurations with the degrees of approximation varying from 
R7 to R11, where for a larger R the error increases. Thus, 
similar to the ExFA-based SAAS designs, we select the ABS 
design with the minimum, maximum, and average NMED. 
These designs are denoted in Fig. 16 as ABSmin, ABSmax, 
and ABSavg, respectively. The proposed SAAS designs have 
less PADP compared to the related work with an accept-
able quality (NMED). In practice, given the large number of 
proposed designs, a designer can choose the most suitable 
design based on the output quality and the required hard-
ware resources as they cover a wider range of PADP and 
NMED.

Compared to the designs proposed in [31], i.e., ABFS1 
and ABFS2, we can notice a great reduction in PADP. More-
over, since the authors proposed only two designs, the range 
of NMED is quite small. The proposed SAAS designs utiliz-
ing IxFAs show superiority to the ExFA-based designs. The 
IxFA4-based designs have the least PADP for four levels of 
approximation (V1–V4) where a higher level of approxi-
mation resulted in a larger error with a reduced PADP. 
Similarly, the IxFA3-based designs deliver another set of 
low PADP for six levels of approximation (V4–V9). Thus, 
we determine these designs to be the Pareto optimal. On 
another note, we observe that the designs based on IxFA1 
and IxFA2 achieve a similar quality to the designs based 
on ExFAs while offering a lower PADP. Subsequently, the 
SAAS designs based on our IxFAs have an efficient PADP 
and acceptable NMED.

7  Applications

We evaluate the performance of the proposed designs using 
two DSP applications, i.e., square law demodulation [5] and 
averaged root mean square of gray-scale images [25].

7.1  Square law demodulation

Modulation changes one or more properties of the carrier 
signal, i.e., c(t). For that, a modulation signal, m(t), is used, 
where its frequency is lower than the carrier signal. In ampli-
tude modulation (AM) the strength of the carrier signal c(t) 
is changed by the m(t). In real-life applications, m(t) would 
be a complex signal composed of sine and cosine signals. 

Fig. 18  AM Demodulation by Squaring and Low-pass Filtering [5]

 

Fig. 17  Generating an AM Signal [5]
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e.g., image segmentation, classification, fusion, and image 
distance measure. For a set of images, the average RMS is 
calculated by Eq. (9), for m images.

RMS = 1
n

√∑
i,j

x2(i, j)� (8)

ARMS = 1
m

m∑
k=1

RMSk� (9)

We calculated the RMS for a set of 50 8-bit gray-scale 
images, each of size 256 × 256 pixels. For that, we used 
a set of 44 IxFAs-based AAS designs. Fig.  19 summa-
rizes the results of the image processing. Fig.  19ashows 
the values of the Average root mean square (ARMS) for 
the images evaluated using various squaring designs. The 
ARMS for an exact design is 0.416, and we consider a value 
of 0.416  ±  10% as acceptable, i.e., from 0.374 to 0.458. 
Thus, we have 7 designs with ARMS < 0.374 and 4 designs 
with ARMS > 0.458. These 11 designs are clearly shown 

two points in the two signals and is given by Eq. (7) [43], 
where S is the number of points. To numerically differenti-
ate the performance of the squaring functions, the Euclidean 
distance between the correctly demodulated signal m(t) and 
those obtained employing the approximate squaring func-
tions, i.e., md(t), are computed based on Eq. (7).

EA,B =

√√√√ S∑
i=1

(Ai − Bi)2� (7)

The Euclidean distance of the output waveforms generated 
by SLD with the proposed squarers are evaluated for one full 
cycle of message signal with 1024 samples, i.e., S = 1024, 
and shown in Table 7. The IxFA-based AAS designs are eval-
uated for the various levels of approximation, i.e., V1-V11. 
On the other hand, Table  8 shows the Euclidean distance 
for the 3 designs of [30]. Among the proposed designs, we 
have 28 ones with Euclidean distances of less than 0.492. 
Therefore, they have the best quality. Moreover, We have 
five designs (highlighted in italic) with Euclidean distances 
of less than 0.887, which are competitive to the related 
work. The remaining 11 designs (highlighted in bold) have 
an Euclidean distance greater than the related work [30].

7.2  Averaged root mean square of gray-scale 
images

In image processing applications, an 8-bit gray-scale 
image (X) can be represented as a two-dimensional array of 
unsigned integers. Each pixel x(i, j) has a value that ranges 
from 0 to 255, where i = 1,..., r and j = 1,..., c are the coor-
dinates of the pixel in an r × c image. The measure of infor-
mation provided by an image is called image energy, which 
is quantified by calculating the root mean square (RMS) of 
image pixels as given in Eq. (8). The total number of pix-
els is represented by n = r × c. Thus, energy evaluation 
requires a large number of squaring operations.

Image energy represents the rate of change in the color, 
brightness or magnitude of the pixels over limited ranges, 
which is used in various image processing algorithms [25], 

Table 7  The Euclidean Distance of the Proposed Designs
Configuration IxFA1 IxFA2 IxFA3 IxFA4
V1 0.0584 0.0583 0.0605 0.0583
V2 0.0586 0.0594 0.0675 0.0587
V3 0.0584 0.0590 0.0803 0.0609
V4 0.0645 0.0633 0.1019 0.0615
V5 0.1244 0.1066 0.1714 0.0717
V6 0.2161 0.1471 0.3784 0.0952
V7 0.5956 0.4200 0.6693 0.1556
V8 0.8293 0.4720 1.1299 0.2416
V9 2.1613 1.3274 1.8869 0.5000
V10 2.4537 2.3060 3.4693 0.6669
V11 6.3353 3.7689 6.1328 1.1080

Table 8  The Euclidean Distance of the Related Designs
The Squaring Design The Euclidean Distance
ABS1 [30] 0.746
ABS2 [30] 0.887
ABS3 [30] 0.492

Fig. 19  a. Average Root Mean Square (ARMS), and b Mean Relative Error Distance (MRED) for 50 Images Evaluated Using Various Squaring 
Designs
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of gray-scale images. The results showed better accuracy 
for 28 proposed designs for both applications than related 
work. In approximate computing, the final application qual-
ity depends on the applied individual inputs, where, for 
some values, the output accuracy could be degraded signifi-
cantly. Therefore, as a future direction, we will investigate 
the design of a run-time adaptive squaring function based 
on the applied inputs. As another future direction, we pro-
pose to approximate the squarer designs in heterogeneous 
replacements, i.e., using more than one approximate FA in a 
given approximate squarer.
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