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1 WCSP Theory

Built: 07 June 2019
Parent Theories: DFT_Gates_def_ PROB

1.1 Definitions

[cond_density_def]

FYM My, p XY y f_ay f_y f_cond.
cond_density My My p X Y y f_ay f_y f_cond <—
random_variable X p (m_space M;,measurable_sets M;) A
random_variable Y p (m_space Ms,measurable_sets My) A
distributed p (pair_measure M; Ms) (Az. (X z,Y z)) f_zy A
distributed p My Y f_y A
Vs. f_y s £ 0 = (f_cond y = Az, f_ay (x,y) / f_y y))

[den_gtO_ninfinity_def]
FYf_zy f_y f_cond.
den_gtO_ninfinity f_zy f_y f_cond <=
Vz y.
0 < f_ay (x,y) NO < f_y y A f_y y # PosInf A
0 < f_cond y z

[DISJOINT_WSP_def]
FVYY X_a X_d t.
DISJOINT_WSP YV X_a X_d t <—

DISJOINT
{s |
Y s < X_as N X_as <Normal t A0 < Y s A
Y s < Normal ¢} {s | X_d s <Y s AN Y s < Normal ¢}
[UNIONL_def]

F (UNIONL []

{}) A Vs ss. UNIONL (s::ss) = s U UNIONL ss

1.2 Theorems

[cond_density_joint_marginal]
FYM My, p XY f_cond z y f_xy f_x f_y.

~Vy. f_y y 20 A f_y y # PosInf A f_y y # NegInf) A
cond_density My Mo p X Y y f_zy f_y f_cond =

(fowy (w,y) = f_cond y z x f_y y)

[CSP_event]
FVYX Y pt.
Vs. 0 <Y 5) =
(DFT_event p (CSP Y X) t =
{s |
Vs <X sANX s <Normal t ANO <Y sAY s < Normal ¢t} N
p_space p)
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[CSP_indicator_of_indicator]

FVz oy t.
indicator_fn {(w,uw) | v < w A w <t A0 < uAu<t}
(z,y) =
indicator_fn {w | y < w A w < t} z X
indicator_fn {u | 0 < u A u < t} y

[CSP_PREIMAGE_event_GTO]

FVYX Y pt.
rv_gtO_ninfinity [X; Y] A0 < ¢t =
(DFT_event p (CSP Y X) t =
PREIMAGE (A\s. (real (X s),real (Y s)))
{@, ) ly<z Az <tAN0<yAy <t} N p_space p)

[CSP_set_BIGUNION_IN_MESURABLE_SETS|

FVtgq.
{w | real ¢ < w A w < t} X
{v |l u<real g ANO < uAu<t}e
measurable_sets (pair_measure lborel lborel)

[CSP_set_BIGUNION_Q

F Vit
BIGUNION
{{w | real ¢ < w
{u | v < real ¢ A
q € Q_set} =
{w,w) lu<wAw<tAN0<uAu<t}

J

A t
0 ANu <t} |

SIVAN

w
<

[CSP_set_IN_MEASURABLE_SETS_PAIR_lborel]

F Vvt
{w,w) lu<wAw<tAN0O<uAu<Tlt}e
measurable_sets (pair_measure lborel lborel)

[DFT_CSP_event_GTO]

FVYX Y p ot
Vs. 0 <Y s5) =
(DFT_event p (CSP Y X) t =
PREIMAGE (As. (X s,Y s))
{@,y) | y <z Az <Normal ¢t A 0 < y A y < Normal ¢} N
p_space p)

[DFT_event_NEVER]

F Vp ¢t. DFT_event p NEVER ¢ = {}
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[DISJOINT_WSP_DISJOINT_P]

FVYY X_a X_d tp.
DISJOINT_WSP Y X_a X_d t =
DISJOINT
s |
Y s < X_a s N X_a s <Normal t A0 <Y s A
Y s < Normal ¢t} N p_space p)
{s | X_d s <Y sANY s < Normal ¢t} N p_space p)

[extreal_mul_linv|

F Vz. x # PosInf A z # NegInf A 2z # 0 = (dnv 2 X z = 1)

[extreal_mul_rinv|

F Vz. x # PosInf A z # NegInf A z # 0 = (z X inv z

1

[IN_REST]
FVz s. € REST s <= =z € s A © # CHOICE s

[IN_UNIONL]
F V!l wv. v € UNIONL [ <= ds. MEM s [ A v € s

[lemmal_fun_mul_fun]

FVYM f f_y.
measure_space M A (Vz. z € m_space M = 0 < f z) A
Vy. f_y y # PosInf A O < f_y 3) =
Vy.
pos_fn_integral M (Az. Normal (real (f_y ) X f z) =
Normal (real (f_y y)) X pos_fn_integral M (Az. f z)

[lemmal_fun_mul_funi]

VM f R foy.
measure_space M A (Vz. z € m_space M = 0 < f; z) A
(Wz. © € m_space M = 0 < fo ) A
Vy. f_y y # PosInf A O < f_y o) =
Vy.
pos_fn_integral M
(Az. Normal (real (f_y y)) X fi ¢ X fo z) =
Normal (real (f_y y)) X
pos_fn_integral M (Az. fi z X fo x)

[lemma3_fun_mul_fun]

EVYM f f_y.
measure_space M A (Vz. z € m_space M = 0 < f z) A
Vy. f_y y # PosInf A0 < f_y y) =
Vy.
pos_fn_integral M (Az. f_y y X f z) =
f_y y X pos_fn_integral M (\z. f z)
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[lemmad4_fun_mul_fun]

FVM f f_y.
measure_space M A (Vz y. z € m_space M = 0 < f y z) A
Vy. f_y y # PosInf A0 < f_y y) =
Vy.
pos_fn_integral M (\z. f_y y X f y z) =
f_y y x pos_fn_integral M (Az. f y x)

[lemma5_fun_mul_fun]

FYMf f_y f_x.
(Vx. z € m_space M) A measure_space M A
Wz y. x € m_space M = 0 < f y z) A
(Vz. x € m_space M = 0 < f_xz z) A
Vy. f_y y # PosInf A O < f_y y) =
Vy.
pos_fn_integral M (Az. f_y y x f_z
f_y y x pos_fn_integral M (A\z. f_z

-
< <
8 8
N S

[pos_fn_integral_fun_mulil]

FVM Y f.
measure_space M A (Vz. z € m_space M = 0 < f z) A
Vy. 0 Y ») =
Vy.
pos_fn_integral M (Az. Normal (Y y) X f z) =
Normal (Y y) X pos_fn_integral M (A\z. f z)

[PREIMAGE_EXTREAL_REAL_2RV_BEFORE_CSP|

FVX Y ¢ p.
(Vs. X s # PosInf AN 0 < X s AY s # PosInf A0 < Y s) A
0<t=
(PREIMAGE (As. (X s,Y s))
{(,y) | y <z ANz <Normal t A0 < y Ay < Normal ¢t} N
p_space p =
PREIMAGE (As. (real (X s),real (Y s)))
{@,pp ly<zAhz<tAN0O<yAy<t}N p_space p)

[PREIMAGE_EXTREAL_REAL_2RV_WSP]

FVX_a Y tp.
(Ws. X_a s # PosInf A0 < X_asAY s #PosInf AO<SY s) A
0<t=
(PREIMAGE (\s. (X_a s,Y s))
{(w,uw) | v < w A w < Normal ¢t A 0 < u A u < Normal ¢} N
p_space p =
PREIMAGE (As. (real (X_a s),real (Y s)))
{w,w) lu<wAw<tANO0<uAu<t}N p_space p)
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[prob_CSP|

FVp XY fay f_y f_cond t.
rv_gtO_ninfinity [X; Y]] A0 < t A
~Vz y.
cond_density lborel lborel p (As. real (X s))
(As. real (Y 8)) y f_zy f_y f_cond) A
prob_space p A den_gtO_ninfinity f_zy f_y f_cond =
(prob p (DFT_event p (CSP Y X) t) =
pos_fn_integral lborel
Ay.
indicator_fn {u | 0 < u A u < t} y X f_y y X
pos_fn_integral lborel
Az.
indicator_fn {w | y < w A w < t} z X
f_cond y x)))

[prob_CSP_initial]

FVp XY f_oy fx f_y f_cond A t.
rv_gtO_ninfinity [X; Y] A0 < ¢t A
~Vz y.
cond_density lborel lborel p (As. real (X s))
(As. real (Y $)) y f_ay f_y f_cond) A
prob_space p A (Vz. 0 < f_zy x) A
Vy. 0 < f_y y N f_y y # PosInf) A
(Vt.
{w,w) lu<wAw<tAN0<uAu<t})e
measurable_sets (pair_measure lborel lborel)) =
(prob p (DFT_event p (CSP Y X) t) =
pos_fn_integral lborel
Ay.
pos_fn_integral lborel
Az.
indicator_fn
{w,w) lu<wAw<tAN0<uAu<t}
(z,y) X f_cond y x X f_y y)))

[prob_CSP_initial_2]

FVp XY f_xy f_y f_cond t.
rv_gtO_ninfinity [X; Y] A0 < ¢t A
~Vz oy.
cond_density lborel lborel p (As. real (X s))
(As. real (Y 8)) y f_zy f_y f_cond) A
prob_space p A (Vz. 0 < f_zy x) A
Vy. 0 < f_y y A f_y y # PosInf) A
vVt.
{w,w) lu<wAw<tAN0O<uAu<t})e
measurable_sets (pair_measure lborel lborel)) A
Wz y. 0 < f_cond y 2) =
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(prob p (DFT_event p (CSP Y X) t) =
pos_fn_integral lborel
\y.
indicator_fn {u | 0 < w A u <t} y x f_y y X
pos_fn_integral lborel
Az.
indicator_fn {w | y < w A w < t} z X
f_cond y z)))

[prob_joint_conditional_density]

FVp XY fay fy f_cond A.
(Vy. cond_density 1lborel lborel p X Y y f_zy f_y f_cond) A
prob_space p A (Vz. 0 < f_zy x) A
NVy. 0 < f_y y N f_y y # PosInf) A
A € measurable_sets (pair_measure lborel lborel) =
(prob p (PREIMAGE (Az. (X z,Y z)) A N p_space p) =
pos_fn_integral lborel
\y.
pos_fn_integral lborel
(Az. indicator_fn A (x,y) x f_cond y z x f_y y)))

[prob_joint_density]

FVp X Y f_ay A.
distributed p (pair_measure lborel lborel)
Az. (X z,Y z)) f_zy A prob_space p A
~Vz. 0 < f_zy ) A
A € measurable_sets (pair_measure lborel lborel) =
(prob p (PREIMAGE (Az. (X z,Y z)) A N p_space p) =
pos_fn_integral (pair_measure lborel lborel)
(Az. indicator_fn A z X f_zy z))

[prob_joint_density_iterated_integrals]

FVp XY f_ay A.

distributed p (pair_measure lborel lborel)

Az. (X z,Y z)) f_zy A prob_space p A
~Vz. 0 < f_zy ) A
A € measurable_sets (pair_measure lborel lborel) =
(prob p (PREIMAGE (Az. (X z,Y 2)) A N p_space p) =
pos_fn_integral lborel

\y.

pos_fn_integral lborel
(Az. indicator_fn A (z,y) X f_zy (z,4))))

[prob_WSP]

FVp Y X_a X_dt f_y f_axy f_cond.
prob_space p A (Vs. ALL_DISTINCT [X_a s; X_d s; Y s1) A
DISJOINT_WSP Y X_a X_d t A

rv_gtO_ninfinity [X_a; X_d; YI A0 < t A
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~Vz oy.
cond_density lborel lborel p (As. real (X_a s))
(As. real (Y 8)) y f_zy f_y f_cond) A
den_gtO_ninfinity f_zy f_y f_cond A
indep_var p lborel (As. real (X_d s)) lborel
(As. real (Y s)) A cont_CDF p (As. real (X_d s)) A
measurable_CDF p (As. real (X_d s)) =
(prob p (DFT_event p (WSP Y X_a X_d) t) =
pos_fn_integral lborel
\y.
indicator_fn {u | 0 < u A u < t} y X f_y y X
pos_fn_integral lborel
Az.
indicator_fn {w | y < w A w < t} = X
f_cond y z)) +
pos_fn_integral lborel
y.
foy y %
(indicator_fn {u | 0 < u A u < t} y X
CDF p (As. real (X_d s)) )))

[prob_WSP_initiall]

FVp Y X_a X_d t.
prob_space p A (Vs. 0 < Y s) A
(Vs. ALL_DISTINCT [X_a s; X_d s; Y s]1) A
DISJOINT
s |
Y s < X_as N X_as <Normal t A0 < Y s A
Y s < Normal t} N p_space p)
{s | X_d s<Y sANY s < Normal ¢t} N p_space p) A
{s |
V s < X_as AN X_as<Normal t A0 <Y s AY s < Normal ¢} N
p_space p € events p A
{s | X_.d s <Y sANY s < Normal ¢} N p_space p € events p =
(prob p (DFT_event p (WSP Y X_a X_d) t) =
prob p
{s |
Y s < X_as AN X_as <DNormal t ANO <Y s A
Y s < Normal ¢t} N p_space p) +
prob p ({s | X_d s <Y s AN Y s < Normal t} N p_space p))

[WSP_DFT_event]|
FVp Y X_a X_d t.
(Vs. 0 < Y s) AN (Vs. ALL_DISTINCT [X_a s; X_d s; Y s]) =
(DFT_event p (WSP YV X_a X_d) t =
{s |
Y s < X_a s N X_as <Normal t A0 <Y s A
Y s < Normal ¢} N p_space p U
{s | X_d s <Y sANY s < Normal t} N p_space p)
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